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15. NOT-SO-SIMPLE EQUILIBRIA

Most magnetostatic systems are a bit more complex
than the simple ones in Chapter 14. In this chapter we’ll
look at two important methods. First we’ll look at ways
to describe MHD equilibria, by reducing vector DE’s to
scalar DE’s (throughflux functions, described below).
Then we’ll look at a process by which an MHD system,
left to itself, will “relax” to its own equilibrium (this is
called Taylor relaxation).

A. Flux functions I: Gravitational Equilibrium
Revisited

To start, think back to the last chapter, which we ended
with simple, planar equilibria. What if we can’t assume
the field is planar? Our basic magnetohydrostatic equa-
tion,

−∇p+ ρg +
1

c
j × B = 0 (15.1)

is now a more complicated vector equation, and hard to
solve. becomes harder to solve. How can we proceed to
search for an equilibrium (stable or unstable)? A com-
mon procedure introduces what is called aflux function
– that’s a scalar function that can be used to find the
vectorB field.1

Before we start here, you should check back to the
stream function, ψ, that we introduced in chapter 3.
Some points about thatψ are good analogs for what
we’re doing here, as follows.

• The stream function is a scalar that can be used
to find the vectorv field.
• Solutions forψ(r) are generally found by solv-
ing some sort of DE.
• The stream functionψ “labels” streamlines.
From this, it follows thatδψ = ψB − ψA (the
difference inψ values on two streamlines A and
B), is proportional to the fluid flow between those
streamlines. (You can work this out if you don’t
believe me.)

So, now let’s do some algebra. We’re working in Carte-
sian geometry here.

1. DEFINE THE FLUX FUNCTIONS

To start, pick a two-dimensional problem: let the field
B = B(x, z) = (Bx, 0, Bz). A common approach
allows us to reduce the vector equation (15.1) to a scalar

1 This approach may look intimidating, but people do it because
it’s almost always easier to solve one scalar equation than three
inter-related equations for vector components.

equation. To do so we must introduce flux functions. In
this section we’ll work in Cartesian coordinates; later
we’ll use a similar approach in cylindrical.
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Figure 15.1. Geometry for Cartesian problem. The
magnetic flux through the square isΦB =

∫

B · da. Using
our definition (15.2), and working per unit length in they
direction,ΦB =

∫

Bxda =
∫

∂Ψ

∂z
dz =

∫

dΨ. See the text
for more details.

If the B field has only two components, we may
choose its vector potential to have only a single compo-
nent,A = (0,Ψ, 0). We then have

Bx =
∂Ψ

∂z
; Bz = −

∂Ψ

∂x
; B = ∇Ψ × ŷ (15.2)

It’s easy to show that the magnetic field lines lie on sur-
faces of constantA. We can see this from (15.2), by
simply noting thatB is perpendicular to the gradient of
A; thus it must lie in constant-Ψ surfaces. Alternatively,
we can consider the differential ofΨ along a field line:

dΨ =
∂Ψ

∂x
dx+

∂Ψ

∂z
dz = −Bzdx+Bxdz (15.3)

But, a field line obeys

dx

Bx
=
dz

Bz
(15.4)

Thus, (15.3) shows thatdΨ = 0 along a field line.
Thus, the scalar functionΨ labels magnetic surfaces
(or magnetic field lines in a 2D representation of the
geometry).

The functionΨ can also be called aflux function. To
see why, recall the integral form of the defining equa-
tion for A:

ΦB =

∫

B · da =

∮

A · dl (15.5)
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For our geometry, consider the magnetic flux through
a surface taken in the(x, z) plane (think of a unit
length in y to make a reasonable mental picture, so
da = dydz → dz). This is just

ΦB =

∫ z

o

∂Ψ

∂z
dz = Ψ(z) − Ψ(0) (15.6)

Thus: if we takeΨ(0) = 0, thenΨ(z) measures the
magnetic flux contained “within” (below in this case)
the surface of constantΨ.

2. APPLY THEM: SOLAR MAGNETIC ARCHES

Now: put this formalism into the magnetostatic equa-
tion, (15.1). We note several useful facts.

Fact 1.The associated current is easy to find:

j = (c/4π)(∇2Ψ)ŷ

You can find this in your favorite EM book, or derive it
directly from∇ × (∇ × A).2 From (15.2) and (15.1),
the components of the Lorentz force are

j

c
× B =

1

4π

[

(

∇2Ψ
) ∂Ψ

∂x
, 0,
(

∇2Ψ
) ∂Ψ

∂z

]

(15.7)

which can also be written,

j

c
× B =

1

4π

(

∇2Ψ
)

∇Ψ (15.8)

Details here: The∇2Ψ term is a scalar function, which
multiplies the vector∇Ψ. We have taken an impor-
tant step: we have reduced our system to one scalar
unknown,Ψ, rather than the vector unknownsB andj.

Fact 2. What is the pressure distribution? Consider
some field line, locallyB, at a directionθ to the vertical.
The component of (15.1) parallel toB is

0 = −
dp

ds
− ρg cos θ;

dp

dz
= −ρg (15.9)

if ds = dz/ cos θ is the differential distance along the
field line. The second equality just converts fromds
to dz, and shows thatnormal hydrostatic equilibrium
obtains along the field line. This can be written,

p(z) = po(Ψ)e−
R

z

o
dz/H(z) (15.10)

if H(z) = kBT (z)/mg is the local scale height.3 I
have noted the explicit dependence ofpo on the local

2 BIG NOTE: ∇2
Ψ = ∂2

Ψ/∂x2
+ ∂2

Ψ/∂z2 is a scalar, with
simple form in Cartesian.

3 Compare to the scale height in Chapter 6 for a uniformT .

value of Ψ at the footpoint of the line (for instance
the surface of the sun). This result also shows us that
surfaces of constant pressurenearlycoincide with field
lines. For scales≪ H(z), the pressure is nearly con-
stant, and hydrostatic balance becomesj × B ≃ c∇p.
Dotting this withB or with j gives

B · ∇p ≃ 0 ; j · ∇p ≃ 0 .

Thus, the magnetic field and current lie nearly in sur-
faces of constant pressure. Deviations occur only on
scales >

∼H(z) (for an example see the homework).

Fact 3. we can consider the full force equation as a
system to be solved for the functionΨ(z) (and thus the
field structure). The gravitational and pressure terms
can be combined as

ρ∇Φg + ∇p = −e−Φg/c2s∇q (15.11)

where, in the last step, we have introduced the usual
gravitational potential, given byg = −∇Φg, and have
defined the functionq = peΦg/c2

s . Combining this with
(15.8), we can write the full force equation, (15.1), as

−
1

4π
(∇2Ψ)∇Ψ = e−Φg/c2

s∇q (15.12)

This balance requires that∇Ψ and∇q be parallel to
one another; so that surfaces of constantΨ must also
be surfaces of constantq. It follows that we can pick
q = q(Ψ), i.e. thatq can be written as a function ofΨ.
Given this, our basic equation turns into

∇2Ψ = −4πe−Φg/c2
s

dq

dΨ
(15.13)

This is an important result: we have reduced the system
from a general vector equation, (15.1), to a quasilinear
PDE inΨ(x, z). If we can pickq(Ψ) (for instance, con-
stant or linear or some other simple function), we can
find solutions forΨ(x, z) by standard PDE methods.

An example of this will appear in class or in the
homework.

B. Flux Functions II: Grad-Shafranov Equation

Another version of flux functions is applied to plasma
confinement problems which can be reduced to two in-
dependent variables (such as an axisymmetric cylinder
problem). Again, the general equilibrium condition, in
the absence of gravity, is

j

c
× B = ∇p (15.14)
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Once again, it follows thatj · ∇p = 0 and∇p · B = 0.
That is,B andj are normal to∇p; each ofB andj lie
in constant-p surfaces. These are calledmagnetic sur-
facesor flux surfaces; they contain the field lines. Most
interesting equilibria consist of sets of nested magnetic
surfaces. Once again, we will label these surfaces with
flux functions,ψ.4 We will haveψ = constant in a flux
surface; and we can writep = p(ψ), so thatp(ψ) is
constant on the surface given byψ = constant.

z

B

r

Figure 15.2. Geometry for the axisymmetric cylindrical
problem. The magnetic flux through the circle,

perpendicular to thez-axis, isΦB = B · da =
∫

Bz2πrdr.
Using (15.16), this becomesΦB(r) = 2πrAφ = 2πψ(r, z)

(you should derive this!). See the text for more details.

1. DEFINE THE FLUX FUNCTIONS

We need to introduce two scalar functions. The first is
theφ- component of the vector potential, which can be
related toψ, thepoloidal flux function

ψ(r, φ) = Aφr (15.15)

(Figure 15.2 shows the basic geometry for the simpler,
axisymmetric case. As with the Cartesian case, the
scalar functionψ(r) labels the flux within a circle of
radiusr. It follows, as before, that the poloidal field
components can be written

Bpol = ∇×

(

φ̂φφ
ψ

r

)

⇒

Br = −
1

r

∂ψ

∂z
; Bz =

1

r

∂ψ

∂r

(15.16)

4 Yes, the notation has changed slightly ... its conventionalto
use (lower case)ψ for flux functions in non-cartesian problems
(which tend to be laboratory plasmas, in cylindrical or toroidal
geometries).

One function,ψ, is enough if the field has noφ com-
ponent. For the more general case we need a second
scalar function. Consider the total currentJ , within
surfaceS which is planar and lies perpendicular to the
z axis (refer back to Figure 15.2 for such a surface):

J =

∫

S

j · da =

∫ 2π

0

∫ r

0
jzrdφdr (15.17)

But now, sincerjz = ∂(Bφr)/4π∂r in axisymmetry,
we can write

J =
c

2
Bφr (15.18)

This is our second surface function,J(ψ), the axial cur-
rent crossing through the surfaceS. It pairs withp in
the analysis, both functions being constant on aψ sur-
face.

2. APPLY THEM: THE G-S EQUATION

To start, we can get the toroidal current density from
jφ = (c/4π)

(

∇2A
)

φ
:

jφ = −
c

4πr

[

∂2ψ

∂z2
+ r

d

∂r

(

1

r

∂ψ

∂r

)]

= −
c

4π
∆∗ψ

(15.19)
where we have followed convention and defined

∆∗ψ =
1

r

[

∂2ψ

∂z2
+ r

d

∂r

(

1

r

∂ψ

∂r

)]

(15.20)

to shorten the notation. From this we can write the gen-
eralB field in terms of two scalarsJ andψ:

B =

(

−
1

r

∂ψ

∂z
,
2J

cr
,
1

r

∂ψ

∂r

)

(15.21)

Similarly, the total current density is

j =
1

2π

(

−
1

r

∂J

∂z
,
c

2
∆∗ψ,

1

r

∂J

∂r

)

(15.22)

These surface functions,J andψ, can be used to
reduce the equilibrium condition, (15.14), to one DE
rather than three. As we noted abive, because both the
pressurep and the axial currentJ are surface functions,
we can writep = p(ψ), andJ = J(ψ). Our most
useful relation is ther-component of (15.11):

∂p

∂r
=

1

c
(jφBz − jzBφ)

But now, sincep = p(ψ), we can write∂p/∂r =
(dp/dψ)(∂ψ/∂r). We can then cancel the∂ψ/∂r



81

terms, insert the full expression forjφ, and get one form
of the G-S equation:

∂p

∂ψ
+

1

2πr2c

∂J2

∂ψ
+

1

4πr2

[

∂2ψ

∂z2
+ r

∂

∂r

(

1

r

∂ψ

∂r

)]

= 0

(15.23)
This is the simplest interesting version of the G-S equa-
tion, outside of that in Cartesian coordinates, that I
know. (Most are set up for toroidal coordinate systems,
to be relevant in the lab, and are truly horrible ..) If
p(ψ) andJ(ψ) are known functions ofψ, then this is a
PDE in the scalar flux function,ψ. Once we solve this
for ψ, everything else we need is known (check 15.19,
15.21, 15.22).

3. EXAMPLE: SIMPLE PINCHES

To solve the G-S equation, onechoosesfunctional
forms for dp/dψ, anddJ/dψ, then finds solutions of
(15.23).

As a very simple example, let’s assumeJ(ψ) = 0,
and look for a solution independent ofz (think of
plasma confinement in a simple pinch geometry). The
G-S equation becomes

∂p

∂ψ
+

1

4πr

∂

∂r

(

1

r

∂ψ

∂r

)

= 0 (15.24)

But, we knowBz = (1/r)(dψ/dr); so this equation is
just

d

dr

(

p+
B2

z

8π

)

= 0 (15.25)

(does that look familiar?). A slightly more complicated
solution is the screw pinch. We again assume the equi-
librium is independent ofz, but retainJ(ψ) 6= 0. If we
multiply the G-S equation by(4πr2)(dψ/dr), we get

∂p

dr
+
Bz

4π

dBz

dr
+

J

4πr2
dJ

dr
= 0 (15.26)

But becauseJ = cBφr/2, the G-S equation becomes

dp

dr
+

d

dr

(

B2
φ +B2

z

8π

)

+
B2

φ

4πr
= 0 (15.27)

which recovers our earlier result for cylindrical plasma
confinement.

The previous example was overkill; we did not need
to go through the G-S equation to recover the result.
Most situations are more complex, however, withz as
well asr dependence. Searches for a solution start by

assuming an analytic form forp(ψ) andJ(ψ).5 Most
realisticp(ψ) andJ(ψ) choices requires numerical so-
lution of the equation; this is the current approach in
the literature. However, some analytic solutions were
found early on, and are still useful for gaining insight.
You will see an example in class or in the homework.

C. Helicity and Taylor relaxation

Now, a different track ... return to the force-free fields
which we discussed in§14.3. There, we presented some
simple solutions; in this section we discuss why they
might be interesting.

This subject was motived by laboratory plasmas,
which exhibitself-organization. These plasmas, in tin
cans, tend to evolve spontaneously towards a small
number of preferred states, which are independent of
the initial conditions of the system. The structure of
these preferred states depends only on a few global pa-
rameters, such as total magnetic flux, and on the geom-
etry of the system (say, cylindrical or toroidal). Exam-
ples are the reversed field pinch (RFP), the spheromak,
and the tokamak (each of which have particular stable
field configurations, that I’m not going to describe in
detail here). The process by which the plasma evolves
from an arbitrary initial condition to its long-lived fi-
nal state is calledplasma relaxation. Taylor (1974, and
later) suggested that this is a variational process – in
which the system evolves toward a state of minimum
energy, but constrained by one or more invariants. To
describe this we need two mathematical tools.

1. HELICITY

First, we must definehelicity. For a magnetic system,
the helicity is defined by the integral,

H =

∫

B · AdV (15.28)

where the integral is over some relevant closed volume
V : that of the system, or that of some particular flux
surface, depending on the application. Let this vol-
ume be bounded by a surfaceS. Helicity can only
be uniquely defined in aclosed system: one in which
the magnetic field lines do not cross the surface. To
see this, recall that the vector potentialA is only de-
fined up to an arbitrary gradient (the choice of which
is called the gauge). Consider some gauge transform;

5 This sounds arbitrary, yes; but think even of simple solutions
we’ve seen to (15.25) or (15.27). Those problems also start by
“assume we know the behavior of at least one of the functions”,
then proceed to find the behavior of the other(s).
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let A → A′ = A + ∇χ, whereχ is some arbitrary
function. The effect of this on the helicity is

H′ −H =

∫

v
∇χ ·BdV =

∫

S
χB · n̂dS (15.29)

Thus,H is uniquely defined only ifB · n̂ = 0 (that is,
if there is no component ofB across the boundary;̂n is
the surface normal vector.)

• How can we understand helicity? Moffatt &
Tsinober (1992) give two useful illustrations. For
one illustration, consider a circular magnetic flux
tube, in which each field line is a circle running
parallel to the axis of the tube. The helicity of
this state is (clearly?) zero. Let the magnetic flux
of this tube beΦB. Imagine now that we cut the
tube at any section, twist it through an angle2πγ,
and reconnect. Each field line in the tube is now
a torus knot; and any pair of field lines is now
linked. This new system has finite helicity.
• Or, consider a second, more complicated exam-
ple. Two magnetic flux tubes, topologically linked
through each other. The integral in (15.28) simpli-
fies to two line integrals, around the axes of each
tube:

H = κ1

∮

C1

A · dl + κ2

∮

C2

A · dl

But now, the first integral is equal to the flux of
field through a surface spanning loopC1, that is
±κ2; and similarly for the second integral. Thus,
the net helicity isH = ±κ1κ2.

Having defined helicity, we now need to introduce two
important conservation laws. First, helicity is an invari-
ant in an ideal, closed MHD system. Second, the min-
imum magnetic energy available to a system at a fixed
(invariant) value of the helicity corresponds to that of a
force-free field. Here are the proofs for each of these.

2. INVARIANCE OF THE HELICITY

First, we want to establish thatH is an invariant in ideal
flow. The general rate of change can be written,

∂H

∂t
=

∫

V

(

B ·
∂A

∂t
+ A ·

∂B

∂t

)

dV

=

∫
[

−∇ ·

(

A×
∂A

∂t

)

+ 2
∂A

∂t
· ∇ × A

]

dV

(15.30)

To work with ∂A/∂t, we need to make a choice of
gauge. Recall the general expression,

E +
1

c

∂A

∂t
= −∇Φ

if Φ is the scalar electric potential. Note, further, that
E + v × B = 0 in an ideal system. If we work now in
a gauge where∇Φ = 0, we can showH is constant.

• method 1. One way to proceed (following Priest)
is in terms of conditions onA. In an ideal system, we
have

∂B

∂t
= ∇× (v × B) ;

∂A

∂t
= v ×B . (15.31)

The first relation in (15.31) comes from the basic induc-
tion equation, for an ideal (η → 0) system. The second
comes from “uncurling”B in the first, and choosing a
gauge withΦ = 0. From this, (15.30) can be written,

∂H

∂t
= −

∫

S

(

A ·
∂A

∂t

)

· n̂dS + 2

∫

V
B · (v ×B)dV

(15.32)
But the second term is clearly zero. Thus we find that
H is invariant in systems for whichA is held constant
on the boundary.

• method 2. An alternative proof comes from
Biskamp, who works with conditions onB andv. Still
using the fact thatB · E = 0, we rewrite (15.30) as

∂H

∂t
=

∫

V
A · ∇ × (v × B)dV

=

∫

S
[(A · v)B − (A ·B)v] · n̂dS

(15.33)

From this last, we find thatH is invariant if B · n̂ =
v · n̂ = 0; that is, if neitherB norv connect across the
boundary.

Both of these methods show thatH is constant for
an ideal, closed system (highly conductive and not con-
nected to the outside universe).

3. THE MINIMUM ENERGY STATE

A second important relation is the fact that when the
magnetic energy,6

W =
1

8π

∫

B2dV , (15.34)

6 This is traditional notation ...W instead ofE ... sorry, folks –
JAE.
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is minimized subject to the constraintH = constant,
the resultant field is force free.

We prove this using a Lagrange multiplier tech-
nique. That is, we consider small perturbations to a
magnetic system, and search for the state which satis-
fies

δ (W − αH) = 0 (15.35)

In particular, following Priest, consider small perturba-
tions which ahveδA = 0 on S (the surface; again a
fixed A thereon), andδB = ∇ × δA. The change in
W is then (linearizing and subtractingαH),

8πδW =

∫

2B · δB − α (δA ·B + A · δB) dV

(15.36)
Algebra allows us to rewrite this as

8πδW =

∫

∇ · (−2B × δA + αA× δA) dV

+ 2

∫

(∇× B − αB) · δAdV (15.37)

But the first term again can be written as a surface inte-
gral, which vanishes due toδA = 0 onS. We are left,
then, with the second term:

δW =
1

4π

∫

(∇× B− αB) · δAdV (15.38)

But this says that we have a minimum energy state if
the field is force-free:

δW = 0 if ∇× B = αB (15.39)

Thus: we have shown that the state of minimum
energy, energy, given a specified value of helicty, is a
force-free state.

4. TAYLOR RELAXATION

This result has an interesting application in the lab (and
presumably elsewhere). Lab plasmas are observed to
“relax” spontaneously. If a plasma starts in some ini-
tial state (specified by the experimenters, say), it goes
through a turbulent state (which develops due to insta-
bilities in the initial configuration), and ends up in a
final, longer-lived configuration. Taylor hypothesized
that this corresponds to the plasma dissipating mag-
netic energy (through self-generated turbulence), while
maintaining its initial value of helicity (as determined
by the initial configuration). Its final state should then
be a force-free state, as in (14.16). This is indeed ob-
served, most famously in an experiment called the Re-
verse Field Pinch, which has cylindrical geometry and

in which the Bessel-function solutions (14.20) are seen.
It has also been suggested to occur in solar flares (which
involved a sudden, dramatic release of energy), and
even in radio jets (where it has been used to predict the
magnetic field structure). We should note, however, that
applications to astrophysics, while very tempting, are
hampered by the lack of rigid boundaries. The deriva-
tions above made heavy use of the tin-can boundary that
we have in the lab.

How does this work? How can magnetic energy be
dissipated while magnetic helicity is not? There is still
a fair amount of discussion about this; the sense of the
literature is that this works because magnetic helicity
decays much more slowly than magnetic energy does.
Following Bellan, think about the dimensions of mag-
netic energyvs.magnetic helicity:W ∼ B2L3, while7

H ∼ ABL3 ∼ B3L4, whereL is the characteristic lin-
ear dimension of the system (or the scale of the Fourier
component which holds most of the power). Now, let
B be decreased (for instance by resistive dissipation);
the total energy decays∝ L3, while the helicity decays
∝ L4. Thus, the smaller the scale, the bigger is the ratio
of energy loss to helicity loss.

We can do this a bit more formally,following Or-
lanti & Schnack. Magnetic energy decays due to
resistivity, as

dW

dt
= −η

∫

j2dv (15.40)

while helicity decays as

dH

dt
= −2η

∫

j ·BdV (15.41)

(to get this last, we started with the definition,
(15.28), useddA/dt = −cE, and Ohm’s law).
But now, if we think in terms of Fourier compo-
nents,B =

∑

k bke
ikr for a set of wavenumbers

k, then we have

dW

dt
→ −η

∑

k

k2b2k (15.42)

and

dH

dt
→ −2η

∑

k

kb2k (15.43)

Thus, again, at a givenk, the energy decay∝ k2,
while the helicity decay∝ k.

7 Remember howA connects toB.
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So, finally, to close the arguments: turbulence, and
thus turbulent dissipation, is dominated by small scales
(largek values). We therefore expect the energy to dis-
sipate more rapidly than the helicity does – thus sup-
poring Taylor’s hypothesis (and its apparent validation
in the lab).
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