2. VISCOSITY AND LAMINAR FLOW: BA-
SICS

Let's start by looking at some simple fluid flow so-

lutions. We’'ll consider steady-state, incompressible
flows. Some very simple solutions can be found when
viscosity is important to the flow. Because viscosous

Beware: you must be careful when working with
viscosity. The definitions, symbols and even units
of viscosity vary from author to author. | pre-
fer the choice, thatVv has the dimensions of a
force per area per gram: and thatVv is a force
per area. Thus, the dimensionsiofire [LJ/[T].
Many authors (including Faber) include the den-

sity; he useg) (dimensions [M)/[L][T]) which is

the same as oww. Still other authors usg where
Faber uses.

So: putting this back into vector form, we've discov-

_ o ered that our governing equation for this simple system
Think about a long, 1D channel such as in Figure 2.1.ghould bé

The flow is driven by a pressure gradiepd, < py; and
we assume the velocity must go to zero at the walls (this

is ano-slipboundary). Because the flow is incompress-

ible — has the same density everywhere — the velocity But now
profile must be independent af, in order to enable -
mass conservation (the same flow rate across any poi
within the channel).

stresses can, however, get very complicated, we'll be-
gin with simple examples, then see the general stuff.

A. One-dimensional Laminar Flows

Vp = pvViv

. looking back to equation (1.10), our re-
sult here suggests that we should add a new term to de-
"eribe the effects of viscous stresses. Taking this as true
for the moment (we’ll derive it more generally below),
we have the basic equation governing viscous flow:

—
! NV

dx
[

(2) ov
— P PNV Vp =g+ prV3v
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Figure2.1. Defining the geometry for this problem. The . . .
flow i driven by a pressure gradiept; < p,. This driver, Compare this back to our first version of the momentum

combined with the no-slip condition assumed at the walls €duation, namely (1.10), which we called Euler's equa-
and the action of viscous stresses within the flow, leads to tion. This version of the force equation, with viscosity
the quadratic velocity profile shown. included, is called th&lavier-Stokes equation

In the rest of this chapter, we look at smooth (time-
steady) flows in which viscosity plays the dominant
role. This situation is often calleddminar flow Faber
" describes laminar flow in a more restricted sense, im-
plying that “the fluid can be treated as an assembly of
laminae of uniform thickness, whose boudaries remain
gxed as the flow moves between them”. The more
general, and more usual, definition, uses laminar flow
to mean smooth, non-turbulent flow. In most applica-
rFions, we note that a real fluid does not slip freely past

forces on its top and bottom surfaces; the net force o . o oo .
the volume will be the difference between the forces & boundary (as was the |m_pI|C|t assumptlon in potential
flow theory), but rather sticks: we will generally use

on the top and bottom. If any one surface feels a force ipbound diti
pv(9v/dy), the net force (per length in thedirection) ~ N°-Slipboundary conditions.
on our element is

v @ — pv @ dr = I/@d$
! Oy y+dy ’ Oy Y -’ dy?

(2.1)
In this last I've assumedy is small, of course, and also
thatv is independent of. I've also written the constant

Now, think about a little differential voluméxdy,
as shown in the figure. It feels a net force to the right
due todp/dz; what balances this force to keep the flow
from accelerating? This must be viscosity: friction on
the little volume due to the shear in the flow. We as-
sume the shear stresses are linearly proportional to th
velocity gradient, transverse to the surface (this is dalle
a Newtonianflow). The little volume will feel friction

! What doesv?a mean, ifa is a vector? For Cartesian it's simple:

V’a = (V’as, Viay, Via.)

(PP O
© \ 022’ Oy?’ 922

is the usual Laplacian operator. For cylindrical and spa¢iGo-

where

of proportionality aspr, and the constant is what |
like to call thecoefficient of viscosity’'ll return to this
shosrtly.

ordinates,V2a is a more complicated form — check the vector
references I'll put up on the web, or your favorite vectars-i
funny-coordinates reference book.



B. Steady Flow: Cartesian Applications -

e . Bkl
In particular, in this section and the next, we conside I =
steady flows, where gravity is unimportant. Thus, w¢ %«J é r
are solving
p(v - V)V + Vp = prV3v (2.3)

and the second derivative gives this equation the proj
ertires of a diffusion equation.

1. FLOW BETWEEN PARALLEL PLATES

In this section, we consider flow alorg with gradients e

in they directionv = (v(y),0,0). Thus, the system

(2.3) simplifies still further to Figure2.2. Plane-flow solutions for various boundary
conditions. From Kundu figure 9.4.

dp 0%v

= pra—y

Oz Iy (2.4)  open surface allows us to assume the pressure is ev-
@ 0 erywhere equal to atmospheric pressure, so Yhats

0y zero. Keep the Cartesian coordinates aligned with the

. . . flow bed. The basic equation is then
Note, we have eliminated the interial term utterly, by 9

picking our geometry carefully: so that the gradients 20
are perpendicular to the velocities. The second of these pPros =Py sin o (2.7)
eguations says that the pressure can vary onlyaith Y
the first, then, the first term can be only a functiorrof  The boundary conditions are naw= 0 at the lower
while the second can be only a functiometthus, both  surface, andiv/dy = 0 at the upper (free, open) sur-
must be constant. Thugp/dr = constant, (2.4) be- face, a distancé away. The latter is due to the fact
comes an ODE, and our general solutionfQy) comes  that shear stresses are continuous at a boundary, and
from the atmosphere (having very low viscosity) is assumed
2 to carry no shear. This solves to
pvo(y) = Ay + B + %ﬁ (2.5) :

_ o o v(y) = —gsina (2by — y2) (2.8)
Thus, the transverse velocity profile is a quadratig.in 2v
Specific examples come from various imposed bound-yhich gives a mass flux,
ary conditions, as illustrated in Figure 2.2.

. . - . b
One particular case iplane Poiseuille floyw in . 1

which an external pressure gradient drives a flow @= 0 poly)dy = 3ypgb S (2:9)

through two stationary walls. This is what we intro-

duced in Figure 2.1. The velocity profile here isa cen- 3. HELE SHAW FLOW

tered parabola, the flow being fastest in the middle (as_ . ) ) .
you'll see in the homework). The mass flux per unit This describes the means by which the striking two-
width is dimensional images used to illustrate potential flow are

made. Inject the fluid through closely spaced parallel
P du — 1 B3 dp 26 plates, with some obstacle in the middle. We want the
Q _/O puly)dy = 3,0 dr (2.6)  Vertical direction (between the plates; caliz to be

governed by viscosity, while the two horizontal direc-
Other variants, shown in Figure 2.2, will appear in the tions (say the flow goes along) can be treated as po-
homework. tential flow. Let the plate separation bethe scale of
the central obstacle bg, and the flow be driven by a
fixed, externally imposedp/d:.

This comes from Faber. Let the channel have an open First, use our parallel-plate solution to find the dis-
surface, and be inclined to horizontal at an angl@he  charge rat€). From this define a characteristic velocity

2. FLOW IN AN OPEN CHANNEL
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(strictly, the mean over the-direction): get (2.5), we argue here that the second term in (2.14)
must be constant, giving a flow profile
Q b* dp
praz (r)y=——+Alnr+B (2.14)
dpv dz

(the minus sign just notes thit points opposite to the
pressure gradient). But | can write the right hand sidewhere A, B are again integration constants, set by the

as the gradient of a scalar: boundary conditions.
b2 dp
V=V — 211 i
<12py dz> ( )
That is, the horizontal velocity can be treated in terms ¥ - Ia
of a potential,¢p = —(b%/12pv)(dp/dz). This shows

that all the potential flow apparatus of chapter 2 can
be used here; and, coversely, that flows where this

works are good illustrations for two-dimensional poten- Figure2.3. The circular Poiseuille flow solution,

showing the velocity field and also the stress fieldqur X2)

tial flow solutions. From Kundu figure 9.5.
But then: what does it take to justify this? We must
be able to ignore the viscous forces in thendy direc- But now, A = 0 to keepuv finite asr — 0; and a

tions, and to ignore the inertial force in thalirection. no-slip boundary at = a gives
That is, we need

2 9
r-oadp (2.15)

ov 9%v 9%v 9%v v(r) =
Vg L Vs r < 5

4pv dz
Ox 022’ oy?

N ) ) that is, another centered parabolic profile. The mass
But now: the second condition simply requires that f,x here is

L > b; while the first requires

2 b2 1 Q= 2murdr = ———— (2.16)
Ve ;o K — (2.12) 0 8v dz
L b2 L? 7 Re
] ) _This is called Poiseuille’s Law, or the Hagen-Poiseuille
Thus, the Reynolds number determines the required dijg,.

mensions of the apparatus.

o o 2. CIRCULATING FLOW
C. Steady Flow: Cylindrical Applications

_ o Another case is flow between two concentric, rotating
We can repeat the exercise for cylindrical geometry; cylinders, callectircular Couette flow

differences from the planar cases highlight the effects
of geometry.

=3
1. PIPE FLOW g

\Y

Now, consider steady flow in a pipe of radias This

is circular Poiseuille flow The radial component of the

momentum equation again requiréd/dr = 0, ie no

transverse pressure gradients. Assuming a very long QZ\
pipe, so that things only vary with, the z-component

of the momentum equation is

dp pv d dv Figure2.4. The geometry and the velocity field for
z T ar

T% circular Couette flow. From Kundu figure 9.6.

As there is only &-component to the velocity, we have Referring to (2.41) and (2.42) in Appendix 2, and not-
dropped the subscript. By the same argument as used timg that onlyvs # 0, the two components of the equa-
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tion of motion are the shear force points along the interface between the
two fluid parcels). The coefficient is theviscosityor

2
v . .
Yo _ 1dp shear viscosity

r pv dr
d|1d
0= 7/5 [;%(T‘U(b)]

The general solution for the azimuthal velocity is

(2.17)

B
vg(r) = Ar + — (2.18)
and the pressure gradient, required to offset centrifugal
force, is
2
d _»p <Ar + E) (2.19)
dr r r
Using boundary conditions,(R;) = Qi R; and )

ve(R2) = Q2Ry gives the specific values fod and
B.

This has some interesing limits. One Has= €, Figure25. The two-dimensional geometry for the stress
andR; = 0, that is a rotating cylindrical tank. This has tensor.p; are the normal forces on the fluid square, and
are the shear forces. From Faber, Figure 1.2
vy = Qr (2.20)

Life is a bit more complicated, however. Consider
a two-dimensional Cartesian system, wheye is the
force in direction 2, due to adjacent fluid in direction 1;
andss; is the force in direction 1, due to adjacent fluid
in direction 2. These two forces must be equal =

showing that the fluid inside goes into solid body ro-
tation. Alternatively, if the outer cylinder is at infin-
ity, with Q5 = 0, and the inner one haB® = R; and

Q = Q4, then the solution is

or — QR? (2.21) s21; if not we would have a net torque on the parcel of
¢ Ty ' fluid. Thus, we must symmetrize our expression for the
We'll see this again in chapter 4 when we work with the Shear force:
irrotational vortex. ov ov
S12 = 821 = pV (8—95; + a—l’?> = 83 (222)

D. Viscous Stresses, Generally
where the last equality simply defingg to shorten the
OK, we've avoided this long enough .. we need to write notation.

down the more general form of the viscous stresses.
This will be a tensor. We start by determining the sur-

. . 27" the
face forces on a piece of fluid, due to deformations Fa
(arising from velocity gradients) of the adjacent bits of

There are also normal forces on the parcel: due to
fluid pressure, and also due to the fluid deformation.
ber approaches this by considering a frame rotation,
into the45° degree primed frame. From force balance,

fluid. we find that
1. DO IT PHYSICALLY FIRST , 1
3= 5 (P1 — p2)
Following Faber here. Consider a planar flow in the o1 (2.23)
direction, with transverse velocity gradients (algng p1 = 5 (p1+ p2 — 2s3)

2
and also, from a Taylor expansion, we find that

vy ol
PR o N . 5B3=P\ o7 T or
2 This is a BIG assumption — its traditional, but not obvious to 1 )
me that it should always hold. Look ahead to the effects of a from which we get
magnetic field and x B forces, for a possible counter-example.
Luckily, however, we rarely need to worry about viscousstes
in MHD applications ....

We expect the shear stress to be lineetdv, /dy is the
force between adjacent streams in the fRii@ote that

ov ov ov
PL+2pv o = pot 2o = p3+2pv— (2.24)
o1 0xo Ox3
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But now, taking the mean (isotropic) pressure to be  Next, write a general velocity gradient in terms of sym-
metric (D;;) and antisymmetric({;;) parts:

1
== 2.25 -
P 3(P1+p2+p3) (2.25) %:Dij-l-ﬁzj

c%cj
we end up with an expression for the normal force: _ 1/ 0y . % 1/0v %
N 2 c%cj Z?xj 2 c%cj Z?xj

2 81)1 81)2 81)3
—p— o2 g2 Ovs 2.26 (2.29)
P P 3pl/< 81'1 81'2 8353) ( )

and we note that th@;; term is 1/2 of the usual vor-
So, generalizing to three dimensions, we have all 9licity, € = V x v. Also, note that the trace ab;;
components (6 independent) of the surface forces actlS
ing on this parcel, which we collect as the tengor Ov;  Ovy  Ovs

Dpm=—+—-—+-—=V"- 2.30
(91’1 (91’2 (91’3 v ( )
p1 Si2 13 Now, we argue that;; should depend only on theym-
0ij =— |so1 pa so3 (2.27)  metric part of the velocity gradientD;; (otherwise,
simple rotation, such as solid body, would lead to a spu-
$31 532 P3 rious stress term). Thus, requiring linearity, we have in
general
(the minus sign has been added for consistency with the %57 = gjmn Dy (2.31)

usual treatment).

which involves no fewer than 81 separats. However,
we can make arguments about symmetry and isotropy
- to reduce this to the most general form useful for us:

1

L 1, That is, we have only twe's — v, the shear viscosity
usually just called the viscosity, amg, thebulk viscos-
ity. Thus, the general stress tensor is

1
0ij = —pdij + 2pv <Dz’j - g%‘Dmm) + pp0ij D

(2.33)
From this, we have the full expression for the vector
surface force per area:

Figure2.6. The surface forces on a three-dimensional

fluid cube. The notation here usesor our . The normal T = €04 (2.34)
forces arer;;, and the shear forces arg. From Kundu _ _ _ _ o
figure 2.2. if €, is the unit vector in théth direction.

In many applications the bulk viscosity is ignored.
This is called theStokes hypothesisThompson dis-
2. THEN DO IT FORMALLY cusses it nicely. This hypothesis is physically true
(at the kinetic level) only for simple systems — dilute,
We can also approach this more formally (following monatomic gases. For other fluidg, 2 v is possi-
Thompson). First, we want to write the surface forcesble. However, in many applications the flows are in-
as a general stress tensor, compressible, and (from 2.30 or 2.33) the effects of the
bulk viscosity term can be ignored.

Oij = —pé,-j + Eij (228)
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E. The Navier-Stokes Equation (in Cartesian)

Now, we want to add viscous stresses to the force equatiomeRéer that we're still working in Cartesian. We
need to generalize tHép term in the Euler equatiore(g, 1.10) to the full stress tensor. With the stress term added,

the force equation is called théavier-Stokes equationRecall,g = —V® is the body force (derivable from a
potential). In Cartesian, in index notation, we have thenfor
ov; ov; ao'ki
7 — ) = pg; 2.35
”(atﬂﬂaxj) P9t B (2.35)
and in vector notation, we have the form
ov 9 1
Por +p(v-V)v+Vp=pg+ pvVv+ | pvp + Flid V(V-v) (2.36)
If Stokes’ hypothesis holds, this simplifies a bit to
ov 9 1
P o +p(v-V)v+Vp=pg+ prVv + gpyV(V V) (2.37)

which is still general (allows variation gf). If we now assume the fluid is incompressib¥é,- v = 0, (2.37)
becomes

ov
P ot
which is the most commonly used form of this important equmgtand recovers our “guess” in (2.2).

+ p(v- V)V +Vp=—pV® + prV3v (2.38)

References

I've mostly followed Kundu and Faber here, as well as Thomp&ohose discussion of viscosity and stress
tensors | like). For the non-Cartesian forms of the NS equatPozrikidis is one good reference.

F. Appendix: Navier-Stokesin other coordinates

It is also worth storing the stress tensor and the N-S equaticurvilinear coordinates (taken from Pozrikidis).
Here, we are using only the shear viscosity, and droppingpulieviscosity term.

1. CYLINDRICAL COORDINATES

The 6 independent components of the stress tensor are

ov, 0 (v 2 Ov,
Orr = TP 2P Tre = PV [TE (7) 5 6@5]
Opy = PV 8UT+8UZ Opp = —P + pv g%—i-gv
2 =P 0z or b9 PTAvAT oo r "

Ovg  10v, B ov,
Og, = pV (E + . 9 ) 0z = —p+ 2pv (2.39)
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and the 3 componts of the NS equation are:

ov, ov, 0v, vy Ovg Ug
ot e e T de T

0z r or r ¢ r

1 <6crzr L1 O(royr) | 100y @) (2.40)

(2.41)

—— tv—— 40—+ ——F+ D2 2 or , 8¢

ot 0z or r 0¢ r —g¢—|—;

8’U¢ 8’U¢ 8% Vg 8% VrUg . 1 <80'Z¢ + 1 8(7’20'7(;5) + laO'd)d))

du. | Bu.  du. vy du, 1 <50zz L 100aors) 18%) (2.42)

ot UZW—FUTGT—Fr&b:gZ—F; 0z r or r O0¢

Alternatively, we can write the NS equations out explicfily the case of constant viscosity:

avr + v % + v avr _|_ %% — ﬁ
ot * 0z "dr r do r
10p 0%v, 0 (1 a(m)> l@zvr 2 (%ﬂ

:‘W*W”[ 292 1206

(2.43)

022 + or

r or

Ovg O0vg Ovg vy 0vg VU4
ot * 0z + or r 0¢ r
vy 0 <l8(rv¢)> 1 9%, 281},]

922 " or \r or 2992 ' r 0

(2.44)

1
=———+g¢+1/{

Ov, L %—H} Ov, +v_¢8vz
ot * 0z "or r O¢p
10p v, 10 < %) 1 821)2]

:_;&”””[W*?E "or ) T ag

(2.45)

2. SPHERICAL POLAR COORDINATES

The 6 independent components of the stress tensor are
ov, _ d /vy 1 Ov,
ar e = pv [a_ () + FW}

B 1 Ov, 0 (Vg B pv O0vg )
Tre = PV [rsinQ foler +T8r (r )] Tg¢ = P+ rsin @ <2 foler + orsin v cos 6

B sinf 0 / vy 1 Ovg B 20v9 | 2vg
ag¢_pu[ T %(sin9>+rsin98—¢] To0 =P+ PV (FW—FT) (2:46)

and the 3 componts of the NS equation are:

Opr = —D + 2pv

Qe O vgdur | v v U5+
ot " or r 00  rsinf ¢ r

1 /1002 1 O(og,sinf 1 0o ogo +0
+gr+;<— (réo,) i (oo ) or 00 ¢>¢>>

(2.47)

r2  or rsin 00 rsinf ¢ r

Ovg Ovg g Ovg vy Ovg . Urvg 5cotd

ot oy T o0 Trsneoe T+ Ty

1/100r2 1 0 in6 1 0
bt <_ (rPos) (799 sin 0) 00 | Tro _ Tos o 9>

(2.48)

r2  or rsinf 00 rsinf 0¢ T




O, O L 0y Vs Ovs
ot " or r 00  rsinf 0¢
. 1 1 8(7‘ Ur(Z:) ) 1809¢ 2cosf 1 80¢¢
_9¢+;<ET+T+FW+ r %% g 99

+ ¢ (v 4 vg cot 0)

Once again, we can write these out explicitly:

%4_ 8v7«+v98v7«+ Vg 5Ur_”(3+1’§>
at " or 00  rsinf 0¢ r
o 1 8 2 2’[)7« ov, 0 2 6U¢
= par‘i‘gr""/{v Ur =3 <(‘)9 +UGCOt9> r2sinf 0¢
Ovg Ovg  vg Ovy vy Ovg  Upvg 5 cot 6
ot " or T a6 Trsmeas T T
1 op 9 2 Ov, Vg 2cosf Ovg
 prob t 9otV {V vo + 200 r2sin®0 r2sin6 fole

8’U¢ 8% Vo 8’U¢ Vg (%d,
ot _H)TW 7 80 ' rsinf 0¢ + T (UT + g cot )

1 Op
" prsinfd¢ t 9ty [V Ve~

Vg N 2 % N 2cos %
r2sin?6  r2sinf ¢  r2sin®6 09

In this set, forf some scalar function,

b L0 (a0, L 0 (o 1 o
V= 2or \" or +rzsin989 5111989 +r2sin298<b2
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(2.49)

(2.50)

(2.51)

(2.52)

and this is the end of this chapter.



