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23. TURBULENCE, PART 11 2. THE MEAN MOMENTUM EQUATION

In the last chapter we talked about the basic nature ofThis analysis can be repeated for the other basic equa-
turbulence: what it's like and how it's described statis- tions; I'm not going to write down all the steps, how-
tically. In this chapter | carry on with more “classical ever. The momentum equation starts as

turbulence”, namely the effect of turbulent stresses on

the mean—_field fl_ow; and say a little abo_ut “_modern tur- Q(V +v)+(V4v) - V(V4v) =
bulence”, including how 2D turbulence is different, and ot (23.5)
Furbule_nce on small scales (which includes vorticity & _ lv(p +p) +vVE(V +v)
intermittency). P

A. Mean Field Equations The mean of this equation becomes — written out in

' Cartesian

In many systems, we can treat the large-scale flow as 51, oV 10P
steady, or at least slowly varying, with the turbulence as 8—;+Vja—l» = T ar
a rapidly fluctuating additive term. That is: [®tbe the i p Ot (23.6)
mean velocity, and the turbulent one, so that the net v, 0%V 0 '
velocity field isV +v. Treat the pressure field similarly, Ty 027 " 07 B gj@i”ﬁ

P + p; ditto for temperature. (As long as we stay in
the incompressible limit — which is where most turbu- Thus: the turbulent field contributes a net reaction
lence analysis stays — there are no density fluctuationshack on the mean field. This last term is called the
right?) If these sums are put into the basic dynam-Reynolds stress. Even though(v;) = 0 for each com-
ical equations, we can (borrowing terminology from ponenti, the mean of their product does not necessar-
MHD turbulence), isolate the dynamical equations for ily vanish: (v;v;) # 0. It turns out that this is so for
the “mean field” quantities, and find how the turbulence anisotropic turbulence — and real turbulence is com-
affects the mean flow. We will find, for instance, that monly anisotropic:
the mean-flow momentum equation contains what are  Ngte that the Reynolds stress arisews from averag-
called Reynolds stresses: non-zero terms involving SeCing the nonlinear convective term in the full Navier-
ond moments of the fluctuating velocity field. Thus, siokes equation; it is not truly a stress term, more like
the mean flow and turbulence are intimately connectedine mean momentum flux due to the turbulent fluctua-
with the one affecting the other. tions. Nonetheless, it is often talked about in terms of a
1. THE CONTINUITY EQUATION turb_ulent viscosity. Becal_Jse _this extra f_orce term in the_
basic momentum equation is the gradient of a tensor, it
For instance, take the incompressible continuity equa-ds generally combined with the viscous stress tensor, as

tion:
v, oV
V- (V4v)=V-V4+V.v=0 (23.1) WJZ—P%*#W<mU+&m>—Mww>@3U

Now, take means: that means ensemble averages, Qfe can go further, and write the turbulent contribution
time averages for the case of stationary flows. Thisiqg the viscous stress tensor as

gives

dv;  dv;
V-A(V)+V-(v)=0 (23.2) Tijpurb = —p(Uiv;) = py (arj + 63%) (23.8)
But now: first, we havg'V) = V; that is the “mean

flow” velocity. And, we assume the turbulent fluctua-
tions have zero meany) = 0. Thus, (23.2) becomes

This last step is an assumption which turns out to be
quite well justified. That is, the Reynolds stress is lin-
early proportional to the mean flow shears. But then,

V-V=0 (23.3)
(recovering incompressibility of our mean state). And, * Thisis the case because, microscopically, viscosity nthesel-
subtracting (23.2) from (23.1) gives ative phases of eaeh component; they do not stay in phase, and
thus the mean of their product is non-zero. Alternativehink
V-v=0 (23.4) about how Brownian motion, on the microscopic level, trans-

) ) ) ) ) ports momentum components laterally.. this gives us thalusu
showing that our turbulent field is also incompressible  macro stress tensor. Here, the turbulent fluctuations geosi

(by itself). mean transport of momentum...
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we can see from this that the turbulent viscosity coef-the constancy of- we getr = ydP,/dx + 7, and
ficient, ~ v L, if L is the local gradient scale. This 7, is another constant, the mean viscous shear stress
connects back to our dimensional argument, above. at the wally = 0. We find its value by noting that
the flow must be symmetric about the midplane; thus
3. EXAMPLE: 2D CHANNEL FLOW 7w = —DdP,, /dz. Using this in the definition of, we

| follow Mathieu & Scott here. Consider a channel 96t

in the z-direction, withy the transverse coordinate. y v,

(Once again, compare this to the laminar flows in chap- Tw (1 - 5) + p(vpvy) = v (23.11)
ter 2). Assume the mean flow independentzpfand Y

thatV, = 0. Note, this does not imply that the flow This is almost the answer for the mean flow .... as we're
is fully 2D, indeed the turbulence will be 3D. Rather, turbulent, we knowRe >> 0, so that the RHS is small
we're assusming that it's 2D in the mean, and all sta-except very close to the walls. Thus, away from the
tistical properties are unchanged under reflection abouboundary layerp(v,v,) =~ 7,(1 — y/D), that is lin-
thez = O plane. As before, put the overall mean flowin ear behavior. And, if this balance holds, we expegt

x direction, and Iet.lt be driven by som&/dz. Also to be independent af; and “measurements find, is

as before, all quantites except the pressure depend onlypproximately constant in this region”. Near the wall,

ony; we extend this here to include Re stresses. we expect steep gradients ¥, so that viscosity mat-
R ters...and a more complicated behavior of the Reynolds
I N Y stress
- T doix 4. THE MEAN ENERGY EQUATION
— Finally, the mean-field energy equation is worth noting.
IF we multiply the mean-field momentum equation by
Figure23.1. Geometry and solution of turbulent channel
flow. The flow is symmetric about the midplane= 0; the 1dV? N 1_oV: 10 ( ) 1 oV
walls are aty = +D. FoIIZV\gng Mathieu & Scott Figure 2 ot 29 9 — p O, iTij pTw O
e (23.12)
Now: the assumed symmetry in the direction Expanding ther;; term back out, defining
means only the offdiagonal terta,v,) in the Re stress 170V, 8V,
will be nonzero; and it depends only gn Thus, the Eyj =3 (8 L+ 3 ]> (23.13)
mean force equation has two nonzero components: Ty ot
oP d(v§> and noting thab;;0V;/0x; = 0V;/0x; = 0, we have a
— 4 =0 useful form:
W (239 p 1 o ( PV
Vd Ve = or PM 7 <—V;'2> =5 <——J +2vViE;; — (ij)%)
dy? ox dy Dt \2 Ox; p
_ oV; (23.14)
From the first of these, we gét(z,y) = Py(z) — — 2B Eij + (vivj) 5 —

p<v§>: where P, (z) is the pressure at the wall (where Oz

vy = 0 by no-slip); and the second term is the diagonal Here, the first 3 terms (inside the brackets) are advective
contribution of the Re stress to the net pressure. PUttingenergy transport; the term withis viscous dissipation;
this into the second equation in (23.9), we get and the last term is energy lost (in a decelerating flow)
to drive the turbulence.

by _dr _ d V@Vx_ (Vp0y) (23.10)

de _dy dy | oy PV ' 5. WHAT ABOUT THE TURBULENT TERMS?
The total mean stress is defined@as= —p(v,v,) + In these notes I've said nothing about the dynamics of
vdV,/dy. But now: the left hand side of (23.10) is the turbulent termsy( v, etc). That was on purpose
only a function ofx, while the right hand side is only .... refer back to the scale separation we used in de-

a function ofy; thus, each side is a constant. The left riving the mean-field equations (23.3), (23.6), (23.14).
hand side is just the driving pressure gradient. FromWe could equally well have separated out the Dt
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terms involving the turbulent fields. Remember, now, scales: one author described it as the buildup of coher-
that flow equations are nonlinear (tke Vv term, for  ent vortices, in which nonlinear distortions nearly van-
instance). When one isolates the dynamical equationgsh, and which continue to grow by vortex coalesence.
for the fluctuations, one finds higher-order terms are in-  One can use arguments similar to thosé2a.3 to

volved. For instance, the equation fK(v;)/Dt in-  predict the turbulent spectrum. Lét be the driving
volves d(vjvi)/Ozy; the equation fotD(vv;) /Dt in- wavenumber, and assume it is well between the sys-
volvesd(v;v;uvk)/Oxy; and so on. Some additional as- tem scalek,, and the dissipation scalg. Energy cas-
sumption is always needed to close a system like thisgades to lower wavenumbers: the argument§2s 3

and pursuing that would take us too far afield. still apply, so that a power spectrufl (k) oc k—%/3
should obtain fork,.;, < k < k,, wherek,,;, cor-
responds to some largest scale reached by the reverse
differs significantly from turbulence in three- cascade. Abové,, the enstrophy cascade rules. De-

dimensions. The most striking difference is that tur- Scribing enstrophy and turnover time at scasw; ~
bulent power in 2D cascades both forward (to highervi/l2: 7~ 1/v, we get the enstrophy power to be
wavenumber) and backwards (to lower wavenumber).& ~ /7 ~ v}/l>. But this last must be indepen-
This is still a topic of active discussion in the literature. dent of/ (repeating the Kolmogorov argument); from
| mostly follow Biskamp’s discussion in these notes.  this we needy, o I, so thatkW (k) o< v} o< k=2, This

Recall 3D turbulence: we saw that turbulent power should describe the cascade up to the dissipation range.

undergoes only a forward cascade. We also recall thairhus’ for 2D fluid turbulence driven a, we expect

three-dimensional fluid flow has two significant invari-

B. Two-dimensional Turbulence

ants:
1 —5/3 . .
£ = 3 /vde, energy (23.15) W(k) oc k ’ Fmin <k < Ko (23.19)
W(k) oc k73 ; ko <k < kg

and

1

Hy == /V -V x vdV, velocity helicity (23.16)
2 This is supported by observations. As in 3D turbulence,

(Invariance of the first should be obvious; invariance of (e high# part of the cascade can be steady-state. En-
the second may be proved in the homew#yBoth en-  €rgy input to the system &, will cascade forward,
ergy and velocity helicity are conserved in the mode-"€aching the dissipation scalg;,; where it goes into

mode interactions which set up the cascade. Suct{!€ar. On the contrary, however, the ldwpart of the
small-scale interactions drive bofhandHy forward, cascade cannot be stable. There is no kowissipation

to smaller wavenumbers. The second invariant in 2Dt balance the energy input. One would expegt, to

turbulence, however, is different. The two invariants in decrease with time, until the system sizgis reached;
2D are at and after this point energy will continue to accumu-

late at the largest scales allowed in the system.

E= 1/vde, energy (23.17) What sets the cascade direction? | have not found
2 any clear answer in the literature. On small scales,
and the nature of energy, enstrophy and helicity transfer in
mode-mode interactions (s&y, +ko — k3) must have
0= } / w2dV, enstrophy (23.18) a preference for forward or reverse transfer. The details
2 ’ of these processes seem not to be obvious, however.
Biskamp reports on work in the literature addressing
Yhe (thermodynamic) equilibrium distribution 61 %),
Hy (k), andQ(k). It appears that the equilibrium dis-
tributions of both€ (k) andHy (k) are both weighted
towards highk's in 3D; while in 2D the distribution of
Q(k) is weighted to highk, but that ofE (k) is weighted
to low k. The inference, then, is that the cascade di-
2 The methods are similar to the proof that magnetic heligity i rection is set by the tendency of the system to move
invariant, back in chapter 15. towards a statistical equibrium state.

(The enstrophy is a fancy name that turbulence type
like to use for the mean square vorticity.) In 2D tur-
bulence, wave-wave interactions dri¢eforward, but
drives £ to smaller wavenumbers — in arnverse cas-
cade. This cascade drives power to larger and larger
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C. Small scales and inter mittency time/space scales. This turns out not to be so: on
small enough scales (high enough frequencies, think of
Much of the action these days seems to be “what's hapa high-pass filter), you find intermittent “bursts” of en-
pening on small scales”, which means close to the Kol-ergy. Connect this to statistics: a self-similar random
mogorov dissipation scale. This is potentially a big signal, which is the same on different scales, is a white

topic; I'm storing only a brief overview here. noise signal, and has Gaussian statistics. When you go
intermittent, you have a greater chance of getting large
1. INTERMITTENCY bursts, and less chance of getting low-amplitude signal

Th . . . di dif .. S0 the probability distribution function (PDF) flat-
e term intermittency Is used Iin two different Ways — ¢ - Several authors show PDF plots with tails much
which drove me crazy when | was trying to learn this

field flatter than Gaussian. This becomes conspicuous only
elc. o _ on scales comparable to, or smaller than, the dissipa-
Older: macroscopic intermittency. Turbulence  tion scale. Thus, it is characteristic of the dissipation

observed on large scales (comparable to the systerfange, and does not imply breakdown of the entire K41
size, well above the dissipation range) is intermittent: gnalysis.

only a fraction of the volume is filled with turbulent
spots or eddies at any instant. Sit at one point in a tur-
bulent region .. you will find periods of high frequency
fluctuations, and also quiet periods, as the turbulent
patches evolve into/out of your region. This seems toOne more commenet on the topic of statistics: the sta-
be how the term is used in the older literature. tistical approach we introduced §22.C was based on
Newer: microscopic intermittency. Turbulence the power spectrum of two-point correlations. It threw

shows quite interesting behavior when observed on@Way phase information about the Fourier components
scales comparable to the dissipation scale. On thes@f the flow, as well as any information about higher-
small scales, you find intermittent random “bursts” of order correlations. In particular, that means that the

energy (think of measuring the velocity as a function of POWer-spectrum approach can't say anything about lo-
time); this which translates into non-Gaussian statistics Cally anisotropic structures, such as small-scale vortex
which many authors use as a definition of intermittency. '0P€s. But we are learning, more and more, that vor-
Physically, careful observations and numerical simula-ticity is important on small scales. So, we can't just

tion reveal the existence of a tangle of intense, slendefely on analytic methods, let alone scaling arguments.
vortex ropes on these small scales. This is the way thé/Ve need to turn to numerical simulations —which have

3. THE ROLE OF VORTEX FILAMENTS

term is used in the current literature. made great strides in recent years, as computers get
faster and sophisticated numerical codes are developed
2. TURBULENCE ON SMALL SCALES to take advantage of them. We can also turn to careful

experiments, designed to probe small scales.

The current discussion on small-scale structure is quite  The picture emerging from simulations and exper-
interesting.  Problems with the Kolmogorov picture jment is as follows. Essentially all simulations show
(called K41) on small scales seem to have been realpersistent and extended tubes, sheets and blobs of
ized early on. It was noted that velocity derivatives did small-scale vorticity. The filaments are tubes with ap-
vary with the Reynolds number (which is inconsistent proximately circular cross section, and diameter on the
with K41 assumptions). Batchelor and Townsend in-order of the dissipation scale. Their length is some-
terpreted this as “a tendency to form isolated regionsyhere between the Taylor scale and the driving (outer)
of concentrated vorticity”. Moffatt reports a comment scale. The internal structure and dynamics of these little
from Landau to Kolmogorov, that in local regions of yortices is still unclear, it seems — attempts to use ana-
higher ¢, the cascade will proceed more vigorously. |ytic models (such as the Hill's vortex we saw in home-
Thus an intermittent distribution ef(x, ¢) is expected;  \work, or a linear vortex model called Burgers) have not
and this should affect the 5/3 exponent slightly, but heen all that successful. There is definitely a sense in
should have stronger effect on higher-order statisticakhe |iterature that these dissipation-scale vortes tubes
quantities (such as the velocity derivative). play an important role in the overall structure and dy-

This can also be interpreted statistically. A cen- namics of turbulence ... but, again, just how that works
tral assumption of the Kolmogorov theory is the self- is far from clear. So this field is still evolving. Mean-
similarity of the random (velocity) field at all scales. while, | like the quote from Moffatt, Kida and Ohkitani
Therefore, you should find the same statistics on all(1994):



Just as sinews serve to connect a muscle with a
bone or other structure, so the concentrated vor-
tices of turbulence serve to connect large eddies
of much weaker vorticity; and just as sinews can
take the stress and strain of muscular effort, so the
concentrated vortices can accomodate the stress
associated with the low pressure in their cores and
the stress imposed by relative motion of the eddies
into which they must merge at their ends.
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