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9. SHOCKSIN FLUID FLOW is the basic momentum flux. One useful consequence

. of this (resembling Bernoulli's equation) comes from
Next, assume we have formed a shock, and considegotting (again) it withi:

how it affects the fluid moving through it. We idealize

the shock as an infintesimally thin discontinuity in the [p+ p(v- ﬁ)Q]] =0 (9.6)

flow. This allows us to use conservation laws to deter-

mine the “jJumps” in macroscopic quantities across theyye can also dot (9.5) with, and use (9.4), to show

shock (but of course it does not allow us to say anything

about the fluid flow within the shock). [[(V . f)]] =0 (9.7)
A. Jump conditions that is, the component of velocity in the shock plane

To start, recall our three basic equations — conservatiorl©€S not change.

of mass, momentum, energy — written in conservative  ® Energy flux (recalk + p = (v/y — 1)p:)
form. Here, we ignore body forces, viscosity, and heat-

ing/cooling losses. The basic equations, then, are: [K}pvz + g p> V- nﬂ -0 (9.8)
2 v—1
0
— +V-(pv)=0 9.1
ot (ov) ® B. Normal shocks
(from 1.4);

We first consider normal shocks, for whieh|| n. In

0 this case, the system above reduces to the following.
5PV +V - (pvv+P)=0 (92)  continuity gives

from (1.13), recallingP is the pressure tensor; and PLUL = pav2 (9.9)

% <pe + %pv2> +V- [V <pe +p+ %pf02>:| =0 Momentum conservation gives

(9.3) 2 o o2 4 9.10
(from 6.28). Comment: we are ignoring viscosity (it PLULTEPL = 020 7 P2 ( )
makes this jOlCBO much easier ) You remember that The energy Jump Condition’ factoring Opw from each

viscosity depends on the second derivative of the ve-ide, can be written in the case of an adiabatic shock,
locity field. It follows that viscosity is critical to the

internal structure of the shock; but not to the jump con- Y n
ditions. v—1p
We use these conservation laws to find jump con-
ditions. We work in a frame moving with the shock,
and assume a steady flow in that frame 0got = 0.
(Other frames require a Galilean transform to #nack
frame). General notation: the incoming (upstream)
quantities are labelled “1”, the outgoing (downstream)
quantites are labelled “2”, anfd] = A, — A, is the
jump in A across a boundary. L&t be the vector nor-
mal to the boundary, be a unit vector tangential to the
boundary, and work in a frame in which the shock is
stationary. Our conservation laws become, then,

L5 v p2 1,
+ U1 = N + 502 (9.11)
Now, these equations can be used to express the three
post-shock quantitiesys, vo and po, in terms of their
pre-shock counterparts. One way to do this is to take
the density jump as the basic variabl& = ps/p;.
One can then eliminate the ratips/p;, andcqs/cs1,
from the equations, deriving a quadraticXn

X224+ M2 (y = 1)]-2X (1+ M*)+M? (v +1) =0

and the positive solution of this gives the interesting so-
lution. Writing out the ratios, we get the jump condi-

e Mass flux: tions:
[ov-n] =0 (9.4) p1 -1 1 2
Bl oy
which describes continuity of mass flux. P2 ;J;\jz M 71+ 1
e Momentum flux (noteP is a trace-only tensor if pp_ M —(y—1) (9.12)

we ignore viscosity:) D1 17 + 11 )
S

[pv(v-n)+pa] =0 (9.5) v v+l MZy 1
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(Jumps inT" andcg can also be derived). We can also STRONG SHOCK LIMIT, NORMAL SHOCKS

find a condition for the change in the Mach number: ) o
WhenM >> 1, these equations simplify, to

M2 = M2 +2/(y—1) (9.13) ﬂ:fy_—l; 12:27/\/12;
2v/(y —1)M3 -1 p2  v+1 o y+1 (9.14)
v2 — 7__1 . M2 = 7__1
(In this last expression | have explicitly put '1” and “2” v oy+ LY ? 2y
subscripts on the Mach number; when omittéd,iS |, paricular, if we consider an ideal gas with= 5/3,

generally taken to refer to the upstream value.) These,q letM become large, we finga/p1 = v; /v = 4.

expressions (9.12) & (9.13) are simple enough 10 eval~ryg is thestrong shock limit. Also in this limit, the

uate. Nonetheless, most fluid books in the engineering\emperature jump i§/Ty = 5M?2/16, giving T =

tradition present shock tables — tabular forms of the SO302 [k, and My — 0.447; the up,stream Katic

lutions as functions oM. energy is converted to internal energy in an adiabatic
shock.

3 ‘ B C. Oblique shocks

2/ 1 . . . .
P Now, consideroblique shocks; in which the upstream

velocity v makes an anglg < 7 /2 with the shock sur-
face. We know, from (9.7), that the tangential velocity
component: = v cos 3 does not change in the shock.
Thus, the normal upstream velocity, = v sin 3, con-
trols the jump conditions. It follows from this that an
obligue shock exists only if

Mising > 1

log(ratio)

This expression defines tivach angle, iy, sin py =
. e — — YT 1/M. (Check back to chapter 7 for another usage of the
- 5 10 15 Mach angle). We expect, and will find, thatmust de-
Mach number celerate in the shock; sobendgsowardsthe shock face
3 ‘ : — (away from the shock normal), due to the deceleration
of the normal component of the velocity.

The jump conditions for an obliqgue shock can be
found from the normal jump conditions, (9.12) & 9.13),
by usingw, sin 3 in place ofw;. Alternatively, looking
ahead to MHD shocks, we can write the jump condi-
tions explicitly in terms of components:

0
o

log(ratio)

[ul =05 [o]=0;

[p+ pw?]] =0 (9.15)

: 1
i | | e Hh + —wzﬂ =0
-1 I I I I I L 2
5 10 15 20

Mach number

Figure9.1.  Downstream conditions (solutions of 9.12, It is also useful to define the deflection angle=

9.13) as a function of the shock Mach number. Top, for — [8] = 8 — B2. This is the amount by which the
~ = 1.4 (useful for air); bottom, fory = 5/3 (useful for a flow bendstowards the shock (omaway from the shock

monatomic gas, such as ionized hydrogen). The differenceqnormal). Geometry gives us, directly,

in v are apparent in the
up  tanfy  tan(B —6)
w,  tanfB  tanf3
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mach number,

_ 2 02

_ (v 1)./\/21 sin“ 3 + 2 (9.18)
29M?2sin® 5+ (1 — )

Note that bothMs > 1 and My < 1 are possible.

M3 sin?(8 — )

1. TWO POSSIBLE DEFLECTIONS

We can also use the jump conditions to solve for the
post-shock angles:

(v — M2 sin? 3 + 2
t =t 9.19
an Oy an 3 (o M2 i 3 ( )
and
M?sin? 8 —1
tand = 2 cot 6M2(7 T+ oos28) 12 (9.20)

Figure 9.3 shows numerical solutions fdr3, M), and
Figure 9.4 shows a cartoon.

45°

/ :\\\
AR
40° N
T
LL . N A\
Figure9.2. Oblique shock geometry. Top in terms of the 350 / / HERNN
incoming flow;w; is the incoming velocity, at anglé to 7}‘\\ W
the shockw is the outgoing velocity, andlis the 200 / D \\\\‘\\
deflection angle, through which the flow bends at the shocl / [/ [ AN \\}\
Bottom, the same thing with the shock rotated, and © g5 = e \ \\“\\
divided up into components perpendicular and parallelto = A / M,> 1 _L;N M<1 ‘n‘\\\
the shock face. This follows Faber, Figure 3.11, but note, g - o) N AN A
our notation differs from his. In particular, we have 3 /j/ / DN
subscripts 1 and 2 for upstream and downstream; he has & .. WArAW / : \ \\\‘\Q
unprimed and primed, respectively. v, H NN W
10 ERNAY:
-y AN
e Ao
and the jump conditions give s S ) Nk
V3 —‘.:~ S \\\\\‘\
ul SIS IS
——= = (9.16) 0 10°  20°  30°  40°  S0°  60°  70°  80°  90°
v cos? B (1 + tan S tand)
Wave angle ¢
We can use the jump conditions to find the usual Figure9.3.

post-shock quantities. If we start by specifyifigwe
can find relations analogous to (9.12 & 9.13)

p2 v+ 1)M?sin? 3
pr (y—1)M?2sin? 8+ 2
D2 _2’yM2 sin?f -1

(9.17)
D1 v+1 v+ 1
u (v + 1)M?sin? 3
uy (v —1)M2sin? B+ 2

(remembering thatM refers to the upstream value,
M;.) We can also find an expression for the post-shock

Obligue shock solutions. The dashed lines
are the strong shock branch, the solid lines are the weak

branch, and the heavy dotted line shows the maximum
deflection angl@,,,,... From Kundu figure 15.15. Note, in
this figure isg in our notation.

This contains important results. First, the incoming
angle,, corresponding to a given deflectian,is dou-
ble valuedt That is: for any specified deflection angle,

! This analysis gives us analytic expressions, (9.17, 9.8®a20),
for the post-shock conditions as functions # and 3. Al-
ternatively, in shock tables, one may fiodl andé specified;

then there are two sets of post-shock conditions, correipgn
to strong and weak shocks.
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there are two possible shock angles (relative to the in- 2. HIGH MACH NUMBER LIMIT

coming flow). A givend can come from (a) atrong ) )

shock, corresponding to higl# values and giving sub-  Finally, as one would expect, oblique shocks also have
sonic postshock flow; and alsaeeak shock, from low @ M > 1, “strong-shock” limit. The limits are just

3 values and, generally, supersonic postshock flow. Théhe same as for a normal shock, (9.14), if the normal
flow will generally find the weak shock solution if it Velocity w is substituted for the full velocity. The

can. strong-shock limit of the deflection angle is still double-
valued, and can be found from the high-solutions in
Figure 9.3.
M, D. TheWeak Shock Limit
—>

The weak shock limit describes shocks at oblique an-
gles (close to the Mach angle) to the upstream flow, and
thus shocks in which the velocity and pressure jumps
Figure9.4. Weak and strong shocks. The geometlydf across the shock are small. These “mach wave” shocks

the wall forces the flow to bend throughthe mach number ~ @re important in bending supersonic flows.
M, (and flow properties) determine whether forced bend For weak shocks, we can trepi] /p; as a small
will happen through a weak shock, a strong shock, or  narameter. (Notation: Faber calls thisand does not
neither. necessarily assume it is small. I'm following Thomp-
son here, in the weak-shock case.) To avoid notation

A second important result from this analysis is that confusion, here we let
there is amaximum deflection angle possible for any Ir]
incoming flow. This connects to the the existence of II=
detached shocks — that’'s what happens when the flow
can’'t bend enough at an obstacle to form an attachedthe v factor simplifies the algebra later), and we as-

shock. Figure 9.5 illustrates this. sumell < 1. With this, we can expand the jump con-
ditions inll, as
attached , M ~ 1. M ~_TI
shock’ P P2 Cs1
M4 . [es] v —1, (9.21)
P Cs1 2
— = 1 1
RN Mlnzl—l—%ﬂ; Mgnzl—%ﬂ
RN - Thus, both the incoming and downstream Mach num-
e N bers are close to unity. Seen in the lab frame, the shock
. is propogating at nearly the sound speed (as one would
¢ detached expect for a low-amplitude wave). We can also find the
,' shock deflection and the shock angle, for weak oblique shocks
M
1 I
S (M2 . 1) 1/2
\ O~ —n 1I
\ M (9.22)
\ g ~(1_7 +1 II
N pad = 1 ) MZ-1)

Thus, the flow deflection is small, and the shock angle
(relative to the incoming flow) becomes the Mach an-
gle, in the weak shock limit.

Figure9.5. Attachedvs. detached shocks. Top, the
opening angle of the wedge is less than the maximum
deflection angle of the flow; an attached shock forms.
Bottom, the opening angle of the wedge is larger than the
maximum possible deflection of the flow; a detached shock
forms.

PRANDTL-MEYER FUNCTION

The relation between the deflectiof, and the Mach
number,M, turns out to be a perfect differential (as we
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will show). The integral form of this function will be  This can be written in terms 0¥1: using
useful later.

Rearranging the weak-shock relations, we find to dM  dw  des csdes

lowest order inu], M w e  wdw + r—1 0

(M2 _1)1/2M

5~ — (9.23) where the factof’ = (v + 1)/2 for a perfect gas. This
M? Cs1 gives
This is useful now. Since only the normal velocity
changes at the shock, we hang — w3 = u} — u3; dw dM /M
and to first order in the jumpsy; [w] ~ u; [u]. Thus, w1+ (T —1)M?2 (9.26)
with wy /v ~ sin uy = 1/ M,
[w] 1 [u] and, thus, we have expressed the deflection angle as
0, = Mooy athe perfect differential. This defines thrandtl-

Meyer function, §(M) :
Thus, we can rewrite (9.23) as

[w] 5 (M2—1)"? am

.- __ = do =
w (M2 1) ©-24 L+ (- DMZ M

(9.27)

In the limit of infinitesimal strength, the obliqgue shock

. This can be integrated formally. Taking the constant of
becomes a Mach wave, and with— d¢, [w] — dw,

integration so thad(1) = 0, the function describing the
deflection angle, in the weak shock limit, as a function

(9.25) of total upstream mach number is

05 ~ + (M2 —1)'2 10
w

1/2
(’Y—H> (M2 - 1)1/2] —tan~! (M2 — 1)/ (9.28)

While we have only considered weak shocks, with-
1 <« 1, we can formally look at the full range of this
function. In particular, wheoM — oo, the PM angle

has a limit,
1/2
<'Y—+i> _ 1] (9.29)
ry J—

m
2

5mam =

and fory = 5/3, this happens to be just,,, = 7/2.
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