12 Accretion III: Disk models

We’ve already seen spherical (Bondi) accretion and
talked about the general energetics of accretion flow.
We now need a more concrete picture of disk accre-
tion, which we expect to occur when the accreting gas
has significant angular momentum.

The disk geometry may occur in at least two ways. The
common picture is that of matter being dumped onto
one member of a binary star system from its compan-
ion; the mass in this case clearly has significant or-
bital angular momentum and is confined more or less
to a plane. Another possible case would be that of gas
which is initially accreting spherically, with some an-
gular momentum, and which can also lose energy ra-
diatively. Radiative dissipation will reduce the inter-
nal energy and thus lead to a thin disk; but whatever
dissipates the angular momentum of the gas may well
be less efficient, so that the accreting gas remains sup-
ported by rotation in one plane, while cooling and flat-
tening in the other direction.

Consider a binary star accretion disk, to be concrete.
Mass will move from one star to the other when one of
the stars (the companion) expands to fill its Roche lobe.
The mass coming through the Lagrange point will
have significant angular momentum, and will proba-
bly be initially in a non-circular orbit. However, it
can lose energy quickly, by radiation, and will settle
itself into a circular orbit (the lowest energy orbit for
a given angular momentum). This will be a Keplerian
orbit, with v, = (GM/r)'/? (orbital velocity), and
I = (GMr)'/? (specific angular momentum). This
matter can only spread in radius if some of it loses
angular momentum; this will happen, slowly, due to
viscosity (as described below). Thus, if the mass flux
stays fairly steady, the system will develop a steady ac-
cretion disk.

12.1 Models of thin (alpha) disks

One type of accretion disk model — the oldest, the first
one developed — can be treated analytically. To start,
we assume the gas in the disk moves in a circular orbit,
at the local Kepler velocity, v, = rQ(r) where the
angular speed is Q(r) = (GM /r3)Y/2. The gas slowly
drifts inward, at a radial/inflow velocity, v, < vy, and
a mass accretion rate,

M :47T’I"2’L)7«/pdz (12.1)
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We will limit ourselves to physically thin disks; this
means we can reduce the problem to one dimension.
The vertical thickness of the disk is determined by hy-
drostatic equilibrium. This condition is, again, Vp =
pg, or Op/0z = pg,. In the thin-disk limit, we write
Op/0z ~ p/H if H is the disk scale height. For a
disk which is dominated by the gravity of its central
mass (M), rather than by its own self gravity, we have
g. ~ GMH /r3. Thus, the vertical support condition

is
H (pr 1/2  Cs
r  \pGM U
so that a cool disk is a thin disk. The surface density
is, then,

(12.2)

Ez/pdz:pH

Past this point, the analysis gets furry. There are many
different models of accretion disks and accretion flows.
The literature is a bit daunting, with a plethora of
differing assumptions (and consequently differing re-
sults). However,

(12.3)

don’t panic

The basic physics of steady accretion disks can be un-
derstood by looking at the simplest of the models that
are out there, namely steady-state, spatially thin disks.
These models are governed by a few simple principles:
mass and momentum conservation and the effects of
viscosity. However, even in the simplest model which
these notes address, understanding how these basics af-
fect the structure of the disk requires some algebra. I'm
trying to lay out the argument in detail in these notes,
following Accretion Power in Astrophysics, by Frank,
King & Raine. Some of the important results in these
notes are:

Mass conservation
Viscous torques
Angular momentum

equation (12.5), (12.6)
equation (12.8), (12.9)
equation (12.11), (12.12)

Inflow velocity equation (12.21)
Alpha («) equation (12.22)
Accretion luminosity ~ equation (12.25)

So fasten your seatbelt ..
12.1.1 Mass conservation

Let’s start simply. Consider a ring of disk material,
lying between 7 and r + dr. It has total mass, M (r, r+
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dr) = 2mrXdr. Now, this mass changes due to flows
into and out of the ring; that is,

0
E(%Tri?dr)

= vp(r)2mrE(R) — vp(r + dr)2n(r + dr)X(r + dr)

And thus, we have

0 0
a(%rrﬁdr) o~ —27T(d7“)§ (ruvpX)

Note we have assumed there are no local sources or
sinks of mass, just the flows into and out of the ring.
From this, as dr — 0, we get the mass conservation
equation:

(12.4)

r%—f + % (rv,X) =0
(Compare (4.2), our original form for mass conserva-
tion; can you see the connection to 12.5?). And: in a
steady-state system, we have the expected expression

for mass conservation:

(12.5)

M = 27wrXv, = constant (12.6)

Thus, as expected, M is constant with radius in a
steady-state flow.

12.1.2 Viscosity and torque

What happens about the angular momentum? How
does gas with finite angular momentum ever manage
to move inwards? To answer this, consider a parcel of
gas at . It has specific angular momentum [ oc 71/2,
and this must be lost if the parcel is to move inwards.
This is accomplished by the friction between rings of
the differentially rotating disk. The friction is transmit-
ted by viscosity.

Big fudge coming: Formally viscosity is a
microscopic process, transporting momen-
tum “sideways” by particle collisions. We
know how to treat this for a plasma, using
Coulomb collisions as always. However, as-
trophysically particle-based viscosity is of-
ten very small (due to ionized plasmas being
such good conductors), and turbulent viscos-
ity will dominate. If the turbulence has mean
velocity v4,5 and mean scale A, the coef-
ficient of viscosity v ~ %)\Umrb- This is
conceptually just fine, but very hard to write
down analytically — so just about all accre-
tion disk work makes a standard assumption
(read “fudge”), as discussed below.

B

/\ v+ dr

r-dr r
Figure 12.1 Viscous angular momentum transport in a
shearing medium. Parcels A, B can be thought of either
as single particles (for microscopic viscous transport) or as
turbulent “eddies” (for turbulent viscosity). Following Fig-
ure 15 from Frank, King & Raine; connect notation to the
text as A < dr

We now illustrate the effect of viscosity on angular
momentum transport by considering a ring of matter
at v, and two adjacent rings, at » — A and r + A.
The rings have Q(r), Q(r + \) ~ Q(r) + 42\, and
Q(r — \) ~ Q(r) — %2\, The scale A can be any lo-
cal differential, but it is most useful to connect it to the
mean free path of whatever accounts for the viscosity.

To first order, viscous transport between the rings
(which may be carried by single-particle collisions, or
by more efficient turbulent motions) exchanges equal
amounts of mass between the layers. We can write this
mass flux as 27 pvyqp7 H if vy, 18 Some characteristic
turbulent or microscopic turbulent transport velocity.
Note the rate of mass flux inwards must be the same
as outwards, in a steady state disk. Now, consider an
observer in corotation with the fluid on the surface r =
constant. The fluid at » — X\ /2 will appear to move with
velocity vy (r—A/2) = (r—A/2)Q(r—A/2) = Q(r)r.
Thus the average angular momentum flux per unit
lengh carried through r» =constant in the outward di-
rection is

et (3)[(-3)0(-3)

A similar expression, changing the sign of )\, gives the
mean inward momentum flux per length. The differ-
ence between in and out gives the net outward momen-
tum flux (which is also the torque per length). If we
multiply this by 27 we get the net torque exterted by
the outer ring on the inner (and = - the torque of the
inner on the outer, right?):

G(r) ~ 2mvtwbzr22—? (12.7)

But now, we can collect vy, in the viscosity coeffi-
cient, v, to write this as

G = 27Tr31/2% (12.8)



where we’ve defined v = Avgyp.

G(r+dr)

/rQ

Figure 12.2 The net shear force on an annulus at r is the
difference between the shear G(r) on the outer and inner
edges. This net shear force acts on the ¢-component of an-
gular momentum.

Finally, then, the net torque on a ring at r is the differ-
ence between the torque exerted by the inner and outer
rings:

G(r+dr)—G(r) ~ Z—fdr

Thus, a Keplerian system in which d2/dr < 0 has
a net outwards flux of angular momentum. It is this
which allows the inwards flow of matter, as a packet of
gas slowly loses its /.

(12.9)

12.1.3 Angular momentum equation

Next: we need a conservation law for specific angular
momentum. We’ll use the same approach as we used
for mass conservation — consider a ring of matter at
7. It has total angular momentum 277 (dr)Xr2Q. This
changes due to matter flowing in and out of the ring,
and also due to the net torque on the ring (exerted be-
cause we’ve assumed each adjacent ring is in Keplerian
motion, and because the matter is viscous). So we can
repeat the same bookkeeping as above ... giving

9 2
e (27 (dr)Xr?Q) ~

- 27T(d7”)% (rEor*Q) +

Taking the limit dr — 0, this becomes exact, and we
find the conservation law for angular momentum:

oG

W(dr)

7’2 (ETZQ) + 9 (TZUTTZQ) = 196

ot or 27 Or (12.10)

Now — unlike the mass equation, the steady solution
here leads to a “flow of angular momentum” which is
a function of radius. In a steady state, (12.10) becomes

~dJ dG

d 3
Qw% (7‘ E’UTQ) —

— = 12.11
dr dr ( )
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where I've defined J = 277250, as the rate of angu-
lar momentum flow (outwards); note it is a function of
.

Now, integrate (12.11) over r:

dQ) C
Y— =300+ —= 12.12
Y= Rl 2mr3 ( )
which can also be written,
r?Yu,Q = & +C (12.13)
2w

Here, C is a constant of integration.

The conventional approach evaluates this at the in-
ner boundary of the disk, at r; say. If we’re talking
about accretion onto a hard-surface star, ; is the stel-
lar surface; the flow must approach solid-body rota-
tion at the surface, so that dQ2/dr — 0 there. Alter-
natively, if we’re talking about accretion onto a black
hole, r; is taken as the minimum stable orbit. Inside
of that the matter just “falls right across the event hori-
zon”, so that (it might be reasonable to assume) there
is no torque on the last ring, G — 0 there. In either
case, this argument shows that the integration constant
C = —M (GMr)"?,

We get two important results from this. The first is a
direct solution of (12.12):

) 1/2
vy M [1_(2) /]
3T r
This expression for the product (vX) will be useful be-
low. The second is an expression for the rate of angu-

lar momentum flow, J. Going back to the definition,
in (12.11), using (12.12) and the value of C, we get

(12.14)

J(r) = —r2(GM)V2 M (12.15)

This thus shows explicitly that J flows ourward when
M flows inward, and also that J is a function of radius.

12.1.4 Accretion rate and radial velocity

Now that we have an expression for the viscous force,
we can look at its effect on flow within the disk. We
start with the basic equations of mass conservation,

0¥ 0
and angular momentum conservation,
0 0 1 0G
— (2r?Q — (r¥u,r?Q) = —— (12.17
74(‘%(74 )+87’(TUT ) 2w Or ( )
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Combining these, and noting 92/9t = 0, we get

a 2 o
TEUTE (r Q) =

106

o O (12.18)

(compare 12.11). We can also combine this with mass
conservation to get

T

(12.19)

0% __ 0 |1 [otrPe)) oG
ot or |2m or or

This result will give us the behavior of 3, once 2 and
G (which involves the viscosity v) are specified. If we
now assume Kepler orbits, (12.19) becomes

s _39 [Tmﬁ (,,27,1/2)}

ot ror or (12.20)

This last is the basic equation governing the time/space
evolution of the density in a Keplerian disk. Solutions
to this are not simple — they depend on the local viscos-
ity (discussed below), and also on the local energetics
(which we haven’t even discussed — temperature and
whatnot). When we do get a solution — and the litera-
ture is full of them — we can go back to (12.18) to find
the radial/accretion velocity:

Vp = _Ergl/2 % (1/27"1/2)

(12.21)

Thus: the radial velocity (and thus M, from equation
12.6) is determined by the local viscosity and the lo-
cal surface density. We don’t have enough information
here to solve the system — that needs further arguments
about internal energetics which I’m not going to go
into. But we can see, directly from (12.21), that the
inflow velocity v, ~ v/r (to order of magnitude).

12.1.5 Whatis v?

The catch, of course, is that we do not know how to
find the viscosity v. This is the quantity which deter-
mines the rate at which matter can move inwards (the
accretion rate); in addition, all of the details of the disk
models (r-dependence of ¥, v,., temperature, etc.) de-
pend sensitively on v. The common fudge in disk mod-
els is to parameterize the viscous stress in terms of the
pressure, through a factor o = (viscous stress) / ( pres-
sure). Now, viscous forces come from adjacent rings
of matter which are not moving at the same speed — so
one slips against the other if d2/dr # 0. Collecting

all this, with the definition of « and the proper way to
write the viscous stress, we get

ap ~ vpr— (12.22)

dr
Remebering that » has dimensions (turbulent
velocity) x (turbulent length scale), or (mean par-
ticle speed)x(collision mean free path), you should
see that (12.22) makes dimensional sense. This entire,
grand hand-wave is collected in the term “a-disk”. It’s
common to take o = 0.1 in the literature.’

12.1.6 Energy dissipation and luminosity

One nice result is that we can find the radiated energy,
and thus the efficiency e, without knowing the details
of a. To get this, we use the fact that shear stress dis-
sipates energy. The local heating rate for this disk, in-
tegrated over the disk thickness — call it D(r) (for dis-
sipation) — is

(12.23)

D(r) SR <@>2

:Edr_y dr

(The first equality is the definition of heating by vis-
cous shear stress; the second used the result 12.8 for
(7). From this, in a Kepler disk, we can find the local
heating rate in terms of the basic quantities:

by =" [ ()]

(12.24)

Now: where does this energy go? Viscous dissipation
heats the local gas. If the inflow speed is slow — an
important assumption in this type of disk model — then
the gas must be able to radiate this away locally. That
means we can equate D(r) to the local luminosity per
area from the disk. Integrating this over r, we find an
expression for the luminosity:

> MM
L= / D(r)2mrdr = GMM
ri 27"1

(12.25)
Thus: if rq is small — as for a black hole (r; ~ 7,5, the
minimum stable orbit); or even for a neutron star — then
the efficiency (refer back to 11.1) in this type of model
can be high: £ = r,/2r; where ry is the Schwarzchild
radius.

'Some order-of-magnitude estimates are perfectly valid in as-
trophysics. But perhaps one should not put overmuch confidence in
the details of complicated, ornate accretion disk solutions — houses
of cards — based on assumptions such as this a.



12.2 Extensions of the model

The basic, thin-disk, a-disk model in the previous sec-
tion has been expanded and reworked extensively in
the literature, in order to try to match the models to the
data. Some of the extensions are as follows.

12.2.1 Hot and/or thick disks

In the previous model we assumed the disk is cold (that
is, ¢s < vg), and therefore thin. This allowed a one-
dimensional treatment. This isn’t the only possibility,
of course — the disk may be warm or hot, and there-
fore thick. Two versions of this exist in the literature.
One is a “thick disk”, a disk which is hot throughout.
Such disks are still being worked on — their dynamics
can be complicated, and they are probably globally un-
stable (they break up into non-axisymmetric structures
— big “lumps” in the disk). Another variant is a cool,
thin disk with a hot atmosphere (“‘corona”), or possi-
bly a hot outflowing wind. This hot component does
not radiate as a black body; it can be a source of high-
frequency radiation (for instance v rays, h < mec?).

12.2.2 Accretion flows

The a-disk model, above, was really developed for ac-
cretion onto a hard-surface star. Quite different inner
boundary conditions, and inner flows, can occur if the
disk sits around a black hole. The innermost gas can
just slide across the event horizon. In such flows, the
radial velocity, v,., can go through a sonic point (much
like Bondi accretion) before it reaches the last stable
orbit. If this happens, a parcel of gas doesn’t have time
to radiate “locally” — so that the assumptions going into
(12.23, 12.24) don’t hold. These solutions — called
ADAFs (for Advection Dominated Accretion Flows)
— are therefore underluminous, with L < GMM /r.
Thus, an accreting black hole can be faint (relative to
its Eddington luminosity) for at least two reasons. It
may have a low accretion rate (M < Medd); or its
accretion flow may have a high M but be ADAF-like.

12.2.3 MHD effects

Everything we’ve done in this chapter has been field-
free, i.e. purely hydrodynamic. That’s probably unreal-
istic, because the accreting plasma is almost certainly
magnetized. Think about the B field in the accreting
material being “tied to infinity”, to start. Flux freezing
means that the field lines will be dragged along with
the plasma; the field will be amplified, and will develop
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a toroidal component (forming sort of a helix). Two
things follow from this. The helical field can chan-
nel, and even accelerate, a wind-type outflow (“MHD
winds”). In addition, the field lines tied to the rotat-
ing plasma create a 0B /0t, which creates a E field:
E = v,o x B/c. This FE field may be able to accel-
erate particles (are accretion disks a source of cosmic
rays?). In addition, this system creates a E x B Poynt-
ing flux, also directed out along the rotation axis; this
may be how jets are made.

Key points

o Thin accretion disk: the basic picture;

e Viscosity: what it is, why its important, how it con-
trols M ;

e Energetics: what is the disk’s luminosity?



