3 Collisions in Plasmas

We want to understand the behavior of a collection of
charges: that is, a plasma. We start with what a “col-
lision” means for a set of charges. To begin, we recall
the basics of hard-sphere collisions. If a “gas” of bil-
liard balls, say, has a number density n and each parti-
cle has a random velocity v and a radius a, we define
the collision cross section,

o = ma? 3.1)

From this we find the mean free path (the average dis-
tance between collisions),

A~ — (3.2)
no

and the mean time between collisions,

1
Teoll = — . (33)
nov

This last can be inverted to describe the collision rate
per particle, T;)lll ~ Nov.

For hard spheres this analysis is straightforward, of
course; they will not interact unless there is a direct
“hit”, and the geometrical cross section is the rele-
vant one to describe energy exchange. Neutral atoms
and molecules behave similarly, in that they need a
very close hit; their cross sections can be calcalated
from basic physics. Typical atomic cross sections
~ 10~"cm?. Another “hard-sphere” type of calcu-
lation would describe direct hits between stars. Two
stars must pass within a couple of stellar radii of each
other for either of them to be strongly disturbed by the
encounter; the cross section could be estimated from
eq. (1), witha ~ 2 — 3 x R,.

3.1 The Spitzer collision cross section

There is, however, another type of encounter which is
important in astrophysics: a long-range encounter be-
tween two objects which feel a 1/r2 force. This will
describe collisions between charges in a plasma (an
ionized gas), and will also describe distant collisions
between stars (or any gravitating bodies). In addition it
is the physical mechanism underlying bremsstrahlung
radiation. I’m following the discussion in Longair,
High Energy Astrophysics, Vol. I, chapter 2.

3.1.1 the basics

Start with a single encounter, in which particle A (an
electron, say) scatters on particle B (a proton, say; with
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my >> me, We can assume the proton stays at rest.
Let the incoming particle have velocity v and mass m,
and let in come in at impact parameter b.

Figure 3.1 put a capation here

We can solve this problem exactly, from classical me-
chanics, and find the deflection angle, #, and the resul-
tant velocity and momentum changes, Ap = mAv.
Here, we will approximate this analysis, following
Longair.

The net impulse on the electron will be Ap =
J F(t)dt, integrated over the collision. Now, the force
is strong only when the two particles are close. Since
they are close for a period of time At ~ 2b/v, we can
approximate F' ~ e2/b? and Ap ~ 2Fb/v. (Since we
know the net deflection is perpendicular to the initial
direction of motion, we can also drop the vector nota-
tion). This gives us the net energy gain per collision,

(Ap* 2
2m.,  meb2v?

AE =

We want to extend this analysis, to find the net rate
of energy exchange with the plasma. But the collision
rate of our electron, with particles at impact parameter
b is, (collisions/second) = 2mwnbv db, we find the net
energy exchange rate by integrating over all allowed b:

bmazx 4 4
dE _ / 2 o bnvdh = M, <bm“x>
bm

E meb2U2 mev bmin
3.4)

Now, we want to express this in terms of a cross sec-
tion:

dE E
_— = = anCE (35)
dt Teoll
This defines the Coulomb cross section, o.:
e \?
o. =87 < 2) InA (3.6)
MeV

if InA = In (byaw/bmin) is defined as the Coulomb
logarithm.

The Coulomb logarithm depends on the largest and
smallest impact parameters that are important (clearly,
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we cannnot integrate from b5, = 0 t0 byep = 00,
since the integral in (3.4) would diverge). b, is usu-
ally taken to be the distance corresponding to maxi-
mum energy transfer,

bmin ~ €2 /mev?

bmaz 18 less straightforward. Longair describes
Coulomb scattering for an energetic particle hitting an
electron bound in an atom, and for this case he likes
bmaz = V/Vo, if v, = h3/(27)?m.e? is the electron’s
orbital frequency. (He argues that collisions slower
than 1/v, will violate the free-electron model assumed
in the derivation). For unbound electrons, a more com-
mon choice is the Debye shielding length (the scale
over which an extra charge causes charge separation in
a plasma):

brnaz = Ap = (k:BT/47me2)1/2

(kp is the Boltzmann constant, and 7" is the tempera-
ture). Thus, the best choice of In A clearly depends on
the exact situation one is considering. Luckily, for our
purposes, this is only a logarithmic uncertainty, and
will not be critical for most of our calculations. The
choices above, with typical astrophysical parameters,
give In A ~ 10 — 20, in almost any diffuse-matter set-
ting.

Numerically, for a thermal plasma with %mev2 =
kgT, the Coulomb cross section becomes,

13 M cm? (3.7)

T}

oe >~ 7x 107

where Ty = T//10*K; so that

T3/
Toon == 4 X 104n l4n 7 sec (3.8)
and
12 T42

3.1.2 mnemonics and extensions

A useful short way to remember the Coulomb cross
section is as follows. Similarly to the b,,;, estimate
above, we can define an effective “radius”, a.yry, by
equating potential and kinetic energies:

(3.10)

and then, estimating o. = 27ra§ fpin A. This re-
covers the form of equaiton (3.6), and resembles the
hard-sphere cross section, (3.1), “with a factor of In A
tacked on”. The factor of 2 is retained in this estimate
of 0., to match (3.6). In extending this to other ex-
amples, as we will do just below, the exact numerical
factor that scales ﬂag ir In A cannot be recovered by
this method of guessing; one would have to do a more
formal analysis to get the correct order-unity numerical
factor for each cross section.

Two other inverse-square-law cross sections can be
immediately written down from this guesstimation.
First, extend the Coulomb cross section to a relativis-
tic plasma. If the particle energy is ym.c?, where
y=(1-/%)""2and 3 =v/c, we get

e? 2
0c 21 <—> InA
2
YMec

so that . oc 1/E? for this limit as well.

(3.11)

The other extension is to the cross section for energy
exchange in a gravitating system (such as a star clus-
ter). Here, we estimate a. s from

Gm? 1 9
~ Zm,v
Qeff 2

(we have assumed all of the stars have the same mass,
m.), and the gravitational cross section is

2Gm., \ 2
agmvz27r< Cj;n ) InA

(3.12)

3.2 Anomalous effects

In the preceding section, we worked through a spe-
cific, well-formulated, very concrete example of par-
ticle collisions. That is, a free charge feels the elec-
tric field of an adjacent charge, or of all the nearby
charges in the plasma, and changes its momentum and
energy accordingly. This is attractive because we can
write it down explictly. Unfortunately, it isn’t always
the whole answer. We know of several astrophysical
situations where the predictions (for timescale, for in-
stance) of Spitzer collisions disagree strongly with the
observations.

e Plasmas in which the Spitzer collision time (or mean
free path) is much longer than the characteristic age
(or size) of the system are called collisionless. This is
maybe an unfortunate terminology, because...



e ... “collisionless” doesn’t really mean “no particle
ever changes its energy or momentum due to collec-
tive effects”. Rather, collisionless plasmas often “act
collisional” (for instance they support shocks, which
require dissipation). For a while this was not under-
stood; now we believe that plasma turbulence is in-
volved. That means that a random background of
plasma waves (such as those discussed in §2.2.1) ex-
ists. A charged paraticle will scatter on the randomly
fluctuating E fields associated with the turbulence; this
will have the same effect as physical collisions, but
(often) much faster than actual Spitzer/Coulomb col-
lisions. Any such effect associated with plasma turbu-
lence is called anomalous (resistivity, conductivity, etc.
The collective effect of the turbulence is very hard to
calculate from first principles; in these notes, we’ll just
assume that 7.,;; refers either to Coulomb collisions, or
anomalous effects, as needed.

3.3 Apply this: conductivity.

As an example of this, consider the conductivity in an
ionized plasma. You recall that, in the simple case, the
conductivity o relates the current density to the local
E field: j = oE.

Notation alert. Yes, I know, the Greek let-
ter o is doing double duty here, for the cross
section and also for the conductivity. Sorry,
but it’s standard notation folks ...

3.3.1 isotropic conductivity

Let’s start simply, ignoring the effects of any B field.
We can then find o simply, in terms of the mean time
between collisions, 7.,y (or the collision frequency,
Veoll = 1/Teonr), as follows. Consider a free electron,
in a plasma, subjected to an external electric field E.
The net force on the particle can be estimated,
Foei ~ el — %
where Ap/At is the mean rate of momentum change
per collision. But if the charges have a net drift velocity
vp, we can estimate Ap/At ~ mevp/T.o; then, in a
steady state we have F,.; ~ 0, and the drift velocity
must be vp = eETey/m.. Next, we can use this in
the (static) Ohm’s law, to relate the conductivity to the
drift velocity:

(3.13)

Jj=neevp =0k (3.14)
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where the second equality defines o. Collecting every-
thing, we end up with

2 2
nee” 1 Wy

o= = —Teoll (3.15)
Me Veoll 47

(In the last expression, w, is the electron plasma fre-
quency, which we’ve already seen). For our purposes
here, the important fact is that o o 7.,;. Thus, in an
ionized, low density plasma, collisions are infrequent,
and the conductivity is very high.

3.3.2 anisotropic conductivity

Now, include a B field; in a general situation in which
E and B exist. We expect single particle motion to
have components along B (regulated by collisions, just
as in the nonmagnetized case); across B (driven totally
by collisions); and also E x B drift, in the third direc-
tion.

To start here, let’s work out the single particle motion.
We have

¢(E+ZxB) —mvreu =0 (3.16)
Put B along z, and write this in components:
eF, + SfuyB — MoV = 0
ek, — —l—gvrB — Moy = 0 (3.17)

eFE, —mv. v, =0

Now do some algebra, and solve for each component
of v:

02 e 02 ¢E
1 = E —4
Va < + v2 ) MVeoll + v2 . B

coll coll

02 cE,

0?2 e
Uy <1 + — ) = Ey — — 5 (3.18)
Veoll MVeoll Veoll
vV, = ¢ E,
MmUecoll

Or, this can be written in terms of the vectors V[, VL,
and B, E (relative to B:

er, ExB
vy (1+9Q%2,) = _;;u E, - 927'020110732
E€Tecoll
v =—"FK
(3.19)

Thus, single particle motion is a mix of direct flow
along EH’ E x B drift, and a new effect, cross-field
flow due to the collisions.
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These three effects each contribute to a current. Re-
membering that in general, j = nev (for each charge
species), the net current can be written,

j=0E|+0.E| +oybxE (3.20)

where b is a unit vector along B. We have three sepa-
rate conductivities:

2 2
__ne _ Veoll
Oo = i ) O-J_—O'OVQ 102
il
co coll (3.21)
oH VcollQ
— Y072 2
coll +Q
where ) = eB/mc is the gyrofrequency, as usual.

These three terms are called the collisional, Pederson
and Hall conductivities. Comparing the two cross-field
terms, we see that the Hall current dominates if € is
large (so that gyromotion is much faster than colli-
sions); or that the Pederson current wins if collisions
dominate.

3.4 Apply this: diffusion

Another example is diffusion of one species into an-
other (for instance, think about diffusion of cosmic
rays into a thermal, subrelativistic part of the ISM).

3.4.1 isotropic diffusivity

We can pull the same trick as above, to estimate the
diffusion rate for the isotropic case. Here, forget about
any applied E field, but put a number of particles in a
density gradient, Vn. Keep the temperature constant,
so that the density gradient connects to a pressure gra-
dient, Vp = kT'Vn. If the particles have number den-
sity m, and undergo collisions just as they did in the
previous section, the net force per unit volume is

mnug;ff

Foet ~—Vp— (3.22)

Teoll
Note I've relabeled the drift velocity here, trying to
clarify the notation.

Why does equation (3.22) hold?? This can
be proved in two ways. One way is to use
macroscopic conservation laws — you know
that pressure is a force per volume, so a pres-
sure gradient exerts a net force on a unit vol-
ume of stuff. We’ll do this formally in the
next chapter. Alternatively, one can connect

the micro to the macro by starting with a
conservation law in phase space (called the
Boltzmann equation) for all of the particles,
multiply by v twice, and integrate over dv

to get to the same point. We won’t go
through this second approach, but it does
make clear the microscopic, statistical effect
of a density gradient.

So, in this case the net force goes away for a diffusion-
drift velocity, which we express in terms of the flux
(particles/cm?-s), as

kT
NVGiff = — ETcollvn

(3.23)
We have, thus, a diffusion velocity that depends on the
local density gradient — also note the sign (particles
move towards lower density regions). This result is
usually incorporated into the continuity equation:'

on

5= —V - (nv) =V - (DVn)

(3.24)

where
kT

D=—7.y (3.25)
m

is the diffusion coefficient. Note, D has dimensions of
cm?/s, and is often written D ~ vgh arTeoll ~ Uchar s
where v g, 1S the “characteristic” speed (for instance
thermal speed) of the particle distribution, and A =
UcharTeoll 1S the mean free path of a particle. Thus,
simple diffusion can be thought of as a random walk
with step length .

3.4.2 anisotropic diffusivity

How does the presence of a B field change these re-
sults? About as you’d expect — particles have a much
harder time diffusing across a field than along it. Refer
back to the discussion around equations (3.16) through
(3.18). We proceed similarly here, ignoring E but
including a pressure gradient. Motion along B isn’t
changed; the equations of motion across B become

MNVLVeoll = —k‘T—Z + enU—CyB
on v (3.26)
MNVyVeol] = —k‘Ta—y - en?B

"You’ve probably seen this before, most likely in E&M (re-
member conservation of charge). If not, trust me for a little bit,
we’ll derive in in the next chapter.



and after more algebra, we get to”

0?2 D on
v\t )= ——o

VCOll n ay (3 27)
0?2 D on ’

Vo (L4 5 ) = ———
Vi n 0x

(with the parallel motion unchanged). Similarly to the
conductivity study, we thus have parallel and perpen-
dicular diffusion coefficients:
2

py=p="Tr . D= e g
m Veoll + €
Thus — as with electrical conductivity — collisions slow
down diffusion across B. In the limit Q >> v,
the perpendicular diffusion coefficient becomes D | ~
kT Vo /mS? = T%Vcoll' Thus, cross-field diffusion
can be thought of as a random walk with step length r;
(instead of \).

Key points

e Collisions: mean free path, collision time, etc. — if
you haven’t used these before, make sure you under-
stand them.

e “Spitzer” or “Coulomb” collisions: what they are,
how to estimate the cross section.

e Anomalous effects: what they are, what we think
they are due to.

e Electrical conductivity: how to build isotropic ¢ from
basics; qualitative effects of B.

e Diffusion coefficients: how to build isotropic D from
basics; qualitative effects of B.

*Doing the full analysis finds a third term, analogous to the
E x B term in the anisotropic conductivity. It leads to a “density
gradient drift”, a.k.a. “diamagnetic drift”, vp o« Vp x B. It’s
usually slow compared to our diffusion, so I’'m omitting it from
these notes.
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