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7 Wave propagation in plasmas

In this chapter we revisit waves in plasmas, more for-
mally. This can be quite a mathematical topic. I'll store
some of the math details in these notes, but try to high-
light the physics (especially in class). If you want more
detail, or background, good references are Rybicki &
Lightman, Radiative Processes in Astrophysics; Chen,
An Introduction to Plasma Physics and Controlled Fu-
sion; and Choudhuri, The Physics of Fluids and Plas-
mas.

7.1 Plasma Oscillations

First, let’s revisit the plasma waves, which we’ve seen
once already. We want a more formal derivation: how
do the particle motions and charge separation connect
to each other?

7.1.1 Cold plasma

Start with a cold plasma — that is, ignore thermal ef-
fects; the only particle motions are those in response
to the electric field. The basic equation of motion for
particles of charge ¢ is'

dv ov
mna =mn [a +v- Vv} = qnE (7.1)

But the charge distribution determines E; thus we need
to add two more equations,
on
— +V-(nv)=0;
ot (nv)
(where p is the net charge density). For simple plasma
waves, we will assume the ions don’t move (because
they are so heavy), and just look at the electrons.

V-E=drp (12

Now, we want to look for small-amplitude, wavelike
disturbances. Thus, we first linearize - assume all
dependent variables can be broken down into (unper-
turbed) + (perturbed) parts, with the perturbations be-
ing small. That is:

n—netny; E—-E+E;; v—v,+vy (7.3)

We put these into (7.1) and (7.2), and sort terms by
their “order in small”: the zero-th order terms (n,, etc)

"We can think of the LHS as the “total” time rate of change, as
seen by the particle moving with velocity v; you can also compare
the LHS of the force equation for a fluid, eqn (4.4).

represent any unperturbed equilibrium state, & should
cancel out; the second-order-small terms (n%, etc) are
small & can be dropped; so we keep just the first-order
small terms. That gives us,

%—Fnov-vl =0; V-E;=—4wen;;
ot
(7.4)
m% = —cE
ot !

These are the equations we want to solve. We make
two simplifying choices here. One, we assume” each
perturbation fi(r,t) — flei(k'r_“’t), and two, we
choose the geometry: pick E; || v1 || k. Our three
equations (7.4) become

ik‘El = —47T€T~7,1 N —iwﬁl = —noikle N

- (7.5)

—iwmuv; = —el)

(remember that 17, etc, are the amplitudes of the per-
turbations). But now: (7.5) is a linear, homogeneous
system in (n1, E'1,v1); it has non-trivial solutions only
if the determinant of the coefficients is zero. This trans-
lates to an important condition on the frequency:

9 9 4mnye?

w' =w, = - (7.6)

Thus, we’ve recovered the plasma frequency — the fre-
quency at which charge-separated perturbations oscil-
late. NOTE that these are not propagating waves, be-
cause w is independent of the wavenumber £ (thus the
group velocity vy = dw/dk = 0).

7.1.2 Warm plasma waves

Now, extend this to include the effects of internal en-
ergy in the plasma. That is, add a Vp term to (7.1):

mn— =mn [({;—‘t’ +v- Vv] =gnE—-Vp (7.7)

Here, p = nkT as usual. We’ll assume an adiabatic
perturbation, so that Vp = (yp/n)Vn; and for one-
dimensional motion, with one degree of freedom, we
have v = 3. Carry through the same analysis as above,
with the extra pressure term; and you find

3

3ET
w? = wg + kz? = wg + ik‘zvfh (7.8)

2Why can we do this? Think about Fourier analysis — any per-
turbation can be expressed as the sum of its Fourier components.
We can get away with this because equations (7.4) are linear in the
dependent variables.



where the (1D) thermal speed is vfh = 2kT/m. These
are now propagating waves; they have a nonzero group
velocity, vy = dw/dk.

7.1.3 Damping: collisional

Plasma waves are subject to two types of damping.
One — which you’d expect — is collisional. If the elec-
trons collide with other charges as they respond to the
wave motion, the wave energy will of course go to
heating. The equation of motion for the electrons gains
a collisional term:

mnd—v—mn 8—V+V Vv
dt ot

= qnE — v.ounmv

(7.9)

where v, is the collision rate of an individual charge.
(This can be due to Coulomb collisions in a fully ion-
ized plasma, or electron-neutral collisions in a partly
ionized one.) It’s easy to show that the effect of this is
to add an imaginary component to the wave frequency,
w = wpg + twr; and thus our waves are exponentially
damped: E; o e™! oc eIt (the sign of w; deter-
mines whether the wave grows or is damped; physi-
cally for simple collisions it must be damped, right?)

7.1.4 Damping: collisionless

Another, less intuitive, process is collisionless damp-
ing, also called Landau damping. The derivations of
this are usually quite mathematical — but we really
need a physical understanding more, so that’s all I'll
do in these notes. Think about a warm-plasma wave,
which travels at a phase speed v,;, = w/k; if a charged
particle has v, exactly equal to vy, it will be in “res-
onance” with the wave — it will see exactly the same
phase of the wave as it moves along. Now, consider
another particle moving at a velocity v, which is very
close to v,,. This particle will see almost a constant
phase of the wave; in fact, it will be “captured” by the
wave, and will “ride along” with a crest or trough of the
wave. If the particle is slightly slower — if v, < vppw/k
— it will be accelerated up to v, — draining a wee
bit of the wave energy in the process. Conversely, if
Uy 2 Uph, the particle will be decelerated as it is “cap-
tured”, thus giving a bit of energy up to the wave.

Think, then, about the net effect of this particle-wave
interaction in a plasma. Two cases are possible (refer
to class notes for a cartoon).

e If the distribution function f(v,) of the plasma is
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“normal”, say a Maxwellian as you’d expect from ther-
mal equilibrium, then it has negative slope: df /dv, <
0 at v; ~ vpy. Thus, there will be slightly more par-
ticles at v, < vpy, then at v, > wvp,. That means that
more particles will gain energy from the wave than will
lose energy to the wave: the wave is damped, without
needing any particle-particle collisions. This is Lan-
dau damping.

e What if the distribution function has a positive slope
—df/dvy > 0 at v, = wv,? Well, the opposite
will occur: the wave will gain energy at the expense
of the plasma. But how do you get such a distribu-
tion function? Think about two plasmas impinging on
one another — or trying to send a “beam” or “stream”
of charges through a thermalized background plasma.
This situation is unstable: the energy of the relative
motion between the plasma streams is fed into waves
of the appropriate phase velocity. This is called the
two-stream instability. Because of this instability, one
plasma trying to penetrate another cannot do so — in-
stead a background of turbulent plasma waves is gen-
erated.

Isn’t this last result curious? You might naively think
that two low-density plasmas could interpenetrate each
other without any problem, as long as Coulomb colli-
sions are unimportant. But that’s not the case: the two-
stream instability, which also arises from long-range
Coulomb interactions, tries to keep the plasmas sepa-
rate.

7.2 EM wave propagation: B =0

In the last section we considered intrinsic oscillations
in the plasma. Now we change the setup: send in an
EM wave (and let’s stick to cold plasma). This means
we’ll have two important changes in our analysis — (i)
we need to include B effects (at least the B field of the
wave), and (ii) now we take E{,B; L k (EM waves
are transverse, after all). We want to know how the
wave propagates and how it affects the plasma; and
— for astrophysics — how to interpret observations in
terms of what’s going on in the plasma.

7.2.1 Basic: the dispersion relation

Start here with the full Maxwell set:

V-E=A4np; VXE:—la—B

1gEat ar (7.10)
V-B=0; VxB=—-——+—j

c ot c



32 Physics 425 Notes  Fall 2009

We are still imposing plane waves, e/ =« putting

these into Maxwell, we get

ik -E=4rp; ikxE=i"B
c
7.11)
4 (
k-B=0; ikxB=—iYE+ "j
c c
Now work on the source terms; we know j = —nev

(again, only the electons move). We still have the sim-
ple equation of motion, (7.1), and its linearized/wave
mode form, imwv = eE. Thus, we can write>

_ ine?

g = ——
mw

j=oE: (7.12)

We need to close the system with conservation of
charge:

0
a—f+v-j:0 = dwp=ik-j  (1.13)
Now, put these back in (7.11) and collect terms:
. . W
ik-(eE)=0; ik xE=i—B
o (7.14)
ik-B=0; ikxB=—i—(cE)
c
Here, we’ve identified the dielectric factor
4 w?
e=1-—2-1-22 (7.15)
iw w

(Comment: many books call this the dielectric con-
stant, in analogy with EM propagation in dielectric
materials — but here € is a function of frequency, so
it’s hardly constant). By analogy with what you’ve
seen of EM waves elsewhere, once we have the equa-
tions in the form (7.14), we know the wave solution is
w?e = c?k?. Thus, our dispersion relation for the wave
propagating in the plasma is

w2 = k2P + wf) (7.16)

and we want to look at simple applications of this.
7.2.2 Applications and extensions

Several important phenomena deserve mention here.

e Plasma cutoff. It’s clear from (7.16) that real k’s
are allowed only if w > wy,: waves below the plasma

>What does an imaginary conductivity, o, mean? Remember
that e~ * = cos z + i sin x; what does an imaginary o tell us about
the phase relation between j and E?

frequency do not propagate. Why is this? Mathemat-
ically, think about k being imaginary: the wave form
ekt — e~ Iklz | that is the wave damps exponentially.
Physically, think about how the plasma responds to an
incoming EM wave of frequency w. For w < w), the
plasma charges can easily “move up and down” with
the wave — that is they can easily absorb the wave en-
ergy. But for w > w,, the charges can’t move fast
enough (think about driving an oscillator well above
its natural frequency) — so the wave happily propagates
through the plasma.

e Plasma dispersion. Because w(k) in (7.16) is dis-
persive, waves at different frequencies move at differ-
ent phase speeds. This is important when you’re look-
ing at an astrophysical object — such as a pulsar - which
emits very short pulses. The arrival time of such a
pulse at earth, from a distance D away, depends on the
frequency. Remembering that v, = dw/dk, the arrival
time of a pulse is (switching to v = w/2, to connect
to observations)

1/2

D qs D V2 ds
t = =~ 1+ -2 = @117
=T~ [C(1e5) T am

(You should note that I've assumed v > v, = w, /27
here.) The frequency-dependent term in (7.17) is usu-
ally scaled as

D 2
1 DM
/ ne —ds >~ 4.15 x 1015¥ sec
0 Tmcv v

(7.18)

. . D .
where the dispersion measure, DM = fo nds, is mea-
sured in cm~3pc, and the frequency v is in Hz.

e collisional damping. As with plasma waves, EM
waves also can damp out in a plasma. Equation (7.9)
is still the starting point. Working this through for our
EM wave, we find the dispersion relation is

2
Wyw
w2— P

= I 4 2?
W + Weol

(7.19)
This looks rough; it’s a cubic equation in w. However
things simplify if the damping rate is small compared
to the wave frequency (or its real part). The solutions to
(7.19) must be complex. To approach them, we can ei-
ther hold w real and find complex k, or vice versa. The
first approach corresponds to driving a plasma with an
incoming wave of fixed w; the imaginary part of k cor-
responds to the spatial damping (wave absorption by
the plasma). Alternatively, we can hold k fixed and



look for the imaginary part of w — some authors pre-
fer this approach. In either case: (7.19) is a cubic, and
potentially intimidating; but solutions simplify if the
damping is weak, V.o < w (Or Veoy < R(w) if you
prefer).

7.3 EM wave propagation: finite B

Well, this has been so much fun, let’s do it again.
Now add a magnetic field B = Bz to the back-
ground plasma, and consider waves propagating along
the field: k || B (this is the only simple geometry!).

7.3.1 Basic: the dispersion relation

We’ll only do the outline here, you have the details
above. The equation of motion for the electrons now is

(7.20)

(caution: here E is the wave field, but B is the back-
ground field. I'm assuming the wave B field is small
& ignoring it). Now: for the incoming EM wave we
choose circular polarization:

E = Ee'km=) (% + iy) (7.21)
where the + signs pick out RH or LH circular polar-
ization. (Why? think about the response of the plasma
charges — the electrons have a preferred sense of gy-
romotion — so we might expect RH and LH circularly
polarized waves to have different phase speeds — as the
electrons might help or hinder them.) Carry out the
same type of analysis — the electron response is

—ie
=—E 7.22
M m(w £+ Q) (7.:22)
where () = eB/mc is the gyrofrequency. The dielec-
tric factor becomes

2
Wy

o) (7.23)

€rR,L =1 —
Thus, RH and LH waves do propagate at different
phase speeds in the medium. The important applica-
tion of this is to the angle of linear polarization of an
incoming wave. We also get the dispersion relation,
directly, from this, from the definition of e:

2
w
w? = k2 4 P

) (7.24)
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7.3.2 Applications and extensions

Once again we have some important applications.

e “Plasma” cutoffs also occur here, they’re just a
bit more complicated. We again want the frequency,
from (7.23), at which £k = 0 — that’s the transition
between real (propagating) and imaginary (damped)
waves. The answer depends on the sign choice in
(7.23) (that is, on whether the waves are RH or LH
polarized). We get the critical frequencies for trans-
mission:
<%L:%F9+mﬂ4@fﬂ (7.25)
Thus, LH waves only propagate for w > wy,. However,
RH waves propagate above wg and also below (2 (you
check the algebra: there are two domains of k2 > 0 for
this polarization).
o Faraday rotation is one of the most important astro-
physical methods for measuring magnetic fields. Re-
member that the phase of a wave, which has travelled a
distance D, is ¢ = fOD kds. Thus the phase difference
between R,L waves is

D
A¢ = / (kr —kr)ds; krr= %\/ER,L (7.26)
0

Now, because a linearly polarized wave can be written
as the sum of RH and LH circularly polarized waves,
the angle x by which the polarization is rotated is 1/2
of the phase difference: x = (A¢)/2.

O-O
OO

Figure7.1 Decomposition of linear polarization into com-
ponents of right and left circular polarization. Top, RC and
LC in phase; bottom, phase shift A¢ between RC and LC
(as due to Faraday rotation), rotates the plane of polarzation
by x = A¢/2. Following Rybicki & Lightman figure 8.1.

But now, going back to (7.21) and assuming that our
observed wave frequency is well above the plasma and



34  Physics 425 Notes  Fall 2009

cyclotron frequencies of the plasma, we can expand k

as
2
w Q
kpp~2 122 (12 (7.27)
’ c 2w? w
Putting this back in (7.22) and doing more algebra, we
get
)\2 e3 D
= —— B-d 7.28
X o mzd /0 " ® (7.28)

(Note that I’'ve gone to the more general B - ds in the
integrand; for a general direction of wave propagation
relative to B, it turns out to be the component of B
along the line of sight that matters.) This result, (7.27),
is generally scaled as y = A2(RM), where the rotation
measure is

1 e3 D
RM = ——— B.-d 7.29
21 m2c? /0 " ° (7.29)

A convenient numerical scaling for rotation measure is
D
(RM) =~ 810/ nB - ds
0

fornincm™3, B in uG, s, D inkpc, and RM in rad/m?2.

Key (physical) points

e Wave analyses (e.g. plasma waves): the mathemati-
cal attack (start with basic equations; linearize; assume
e'(kz=wt) gingle-frequency solutions; do the math and
see what you get.

e Plasma waves: when do they propagate, how fast,
how do they damp?

e Collisional dissipation (of various types of waves)
e EM waves in plasma: plasma dispersion effects

e EM waves in plasma: B # 0 effects, Faraday rota-
tion



