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8 Relativistic particles in astrophysics

Based on our knowledge of cosmic rays and, less di-
rectly, of the relativistic electrons which radiate in
synchrotron sources, our general picture is of parti-
cles which are highly relativistic – that is, with γ =
E/mc2 ! 1 – but which are also tied to the back-
ground, thermal plasma in which they find themselves.
The distribution function of these particles is found to
be a power law, rather than a Maxwellian; thus, these
particles cannot have had time to thermalize (in the
two-body sense). In this section, we will consider the
dynamics of these particles and how they are tied to the
background plasma). Later on we’ll address how they
may be accelerated.

8.1 Recap: basics for relativistic particles

This section is just to remind you of some tools that
you saw last term.
First, basic special relativity. The total total energy of
a relativistic particle is given by E2 = p2c2 + m2c4;
we also have the definition E = γmc2, where γ2 =
1/(1 − β2), and β = v/c. In the limit E ! mc2, we
also have E # pc (which is exactly true for a photon,
of course; as the particle gets more relativistic, its rest
mass becomes less and less important). Note that the
Lorentz factor γ is often used to represent the energy;
the mc2 factor is implicitly carried along if you need
“real” units.
Power-law distribution functions (motivated by cosmic
rays) are often used:

f(E) = foE
−s , E1 ≤ E ≤ E2 (8.1)

or
n(γ) = noγ

−s , γ1 ≤ γ ≤ γ2 (8.2)

The exponent s depends on the system; the scaling
constant fo or no connects to the total number (or num-
ber density) of particles. That is, the total number of
particles will be N =

∫

f(E)dE =
∫

n(γ)dγ. It fol-
lows, then, that f(E) and n(γ) have different units –
watch out, this difference can bite you.1

1To be specific: the two DF’s are equivalent if

f(E)dE = n(γ)dγ ; f(E) = n(γ)dγ/dE

(so that we have the same number of particles “at E = γmc2”).
For the specific power law case, above, this gives

foE
−sdE = noγ

−sdγ ; fo = no(mc2)s−1

8.2 Quick overview of the observations

We have seen that astrophysical plasmas contain two
species. One species is the thermal interstellar gas
which we have been considering. In this context, its
important properties are that it seems to be well de-
scribed by a thermal equilibrium distribution function
(a Maxwell Boltzmann velocity distribution), and that
the energy per particle is subrelativistic. (Recall tem-
peratures range from O(10)K to O(106)K).
In addition, many astrophysical plasmas – including
the galactic ISM – contain a significant population of
highly relativistic particles which are not in a thermal
distribution. We saw last term that we have direct and
indirect evidence of these particles; I’ll review the ar-
guments here.
Baryons. Here we have direct evidence – these are
the cosmic rays. They are mostly protons, but there is
a heavy element component, with approximately solar
abundances (so they come from processed material).
They are very isotropic in arrival direction, probably
at all energies (although arrival directions for the very
highest energy particles remain uncertain).
• The baryon energy distribution is a power law,
N(E) ∝ E−s, with a break at E ∼ 1015eV (the
“knee”), and another at E ∼ 1019eV (the “ankle”).
The exponent s ∼ 2.7 below the ankle, and higher
above. Comparison of the gyroradius to the scale of the
galaxy suggests that the highest energy CR, above the
ankle, are extragalactic, while the lower energy ones
are galactic in origin.
Leptons. Here we have some direct evidence – the
lepton component in the cosmic ray spectrum can be
separated from the baryon component. The cosmic ray
lepton distribution falls much more steeply than the
baryon distribution, above energies ∼ 1 GeV, so that
its total contribution to the CR energy density is only
∼ 1% that of the baryons.
In addition, there is also abundant indirect evidence
fore highly relativistic electrons2 throughout the uni-
verse. Synchrotron radiation – which we will study in
detail in the next chapter – is common in many dif-
ferent settings. Because synchrotron radiation comes
from highly relativistic particles (with γ = E/mc2 !
1), we know immediately that synchrotron sources
have a relativistic lepton component. Examples of this

2Well, really leptons; we’ll discuss later whether we can distin-
guish electrons from positrons by their radiation signatures.
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are the galactic disk; supernova remnants, both stan-
dard and “filled”; radio jets from compact stars in X-
ray binaries; X- and γ-ray emission from pulsars; ra-
dio jets from active nuclei, and the radio lobes they
create; diffuse synchrotron emission from the plasma
in clusters of galaxies (including a few synchrotron-
bright shocks created when two clusters collide); and
quasars of course.
Looking ahead to the next chapter, we can note some
important characteristics of synchrotron radiation. It
requires magnetic fields and highly relativistic elec-
trons. The spectrum from a single particle, with energy
E = γmc2, peaks at a photon frequency

νsy ∼
3

4π
γ2 eB

mc
(8.3)

Thus, for a uniformB field, one particle energy γ maps
directly to one (observed) photon frequency, ν. This
single, radiating particle has an energy loss rate

dE

dt
#

4

3
cσTγ

2 B2

8π
(8.4)

where σT = 6.65 × 10−25cm2 is the Thompson cross
section. Synchrotron radiation commonly has a power
law spectrum, which tells us (assuming the B field is
simple) that the underlying electron distribution is also
power law (just as it is in galactic cosmic rays). Typical
values for the photon spectrum are j(ν) ∝ ν−α, with
α ∼ 0.5 − 1.0; the associated electron distribution is
n(γ) ∝ γ−s, with s ∼ 2.0 − 3.0.
From(8.4), we see that higher energy electrons lose
energy faster that the lower energy ones, because
dE/dt ∝ E2; from this one can show that an initial
electron power law spectrum will develop a break at
the energy where the particle’s radiative lifetime equals
the age of the plasma. As the plasma gets older, this
break will move to lower energies (and thus to lower
photon frequencies).

8.3 Cosmic rays in the galactic setting

One of the big questions is, how are cosmic rays accel-
erated to such high energies, and how are they main-
tained there (why don’t they eventually thermalize with
the ISM)? Before we go there, let’s recap a few points
about cosmic rays from last fall (P425 notes).
Sources are thought to be two-fold. Supernova rem-
nants have long been thought to be the main source of
CR; I personally suspect that pulsars are probably also

an important source. Still another possibility is that the
highest energy CR may have an extragalactic origin.
Propagation and Trapping. Once generated, CR do
not just fly freely through space. Becuase they are
charged, they are connected to the ISM by their gyro-
motion, and by scattering on turbulent Alfven waves
in the ISM. Thus the CR distribution we observe at
earth may well have been seriously changed, relative
to their “birth” distribution, by propagation and scat-
tering through the ISM on their way to us. From nu-
clear abundances we learn that galactic CR typically
spend most of their life in the galaxy, not in the disk,
but rather in the more extended halo; and that its life-
time to escape from that halo ∼ 20Myr.
Losses. The leptons, being of smaller mass, are sus-
ceptible to radiative losses (synchrotron in the galactic
magnetic field, inverse Compton scattering on what-
ever radiation is around) as well as Coulomb losses
(scattering on the plasma component of the ISM). This
also modifies the electron energy distribution, com-
pared to the source, and of course reduces the net en-
ergy in the electron component of the CR.

8.4 Particle acceleration, overview

Next, we consider the question of particle accelera-
tion: what is the origin of cosmic rays (which we ob-
serve directly at earth), and of the relativistic electrons
in such sources as supernova remnants and radio jets
(which we observe indirectly via their synchrotron ra-
diation)? How are these charged particles accelerated
to relativistic energies, and how are they maintained in
a non-Maxwellian distribution? The short answer is,
this must be done by electric fields, E (= 0. Magnetic
fields do no work on the particles, and gravity is a con-
servative force (so that any energy a particle gains by
going into a gravitational potential well must be lost
again when it leaves the well). However, is it not easy
to maintain large-scale electric fields in space, where
the abundant free charges in astrophysical plasmas will
want to short out any static field. Two types of particle
acceleration models exist — which I tend to call “first
stage” and “second stage” mechanisms.

8.5 Particle acceleration, first stage mechanisms

One possibility is that an ordered, large-scale E field is
maintained in the region of some massive object, like a
star (thinking of solar flares) or a pulsar or an accretion
disk, where dynamic processes can maintain a strong
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dynamo; these are called first stage mechanisms. In
this situation there is no minimum energy threshold for
particle acceleration; any charged particle dropped in
a region with E (= 0 will be energized. There may,
however, be an upper limit to the energy that can be
reached – due to the physical size of the system (and
the consequent limit on the overall potential drop,

∫

E ·
ds). There are a couple basic types of models here:
reconnection sites and unipolar dynamos.

8.5.1 Magnetic reconnection

You saw this last term; I’ll just store a recap here. Con-
sider a region in a plasma in which the direction of the
magnetic field reverses over a small spatial scale – for
instance, the neutral sheet in the earth’s magnetotail,
or the base of a flux tube footed in the solar photo-
sphere. The magnetic field in this region will find a
lower-energy state by “reconnecting”, that is by chang-
ing the magnetic field configuration. Such a region can
be the site of rapid conversion of stored magnetic en-
ergy to kinetic and internal energy of the plasma, Re-
connection is believed to be important in solar flares,
and has been observed in the earth’s magnetotail.
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Figure 8.1 The geometry of magnetic reconnection. Left,
a simple system before reconnection; the field lines have op-
posing directions and meet in a central current sheet (called
a neutral sheet), shaded in this figure. Right, with reconnec-
tion ongoing; some field lines have changed their topology,
and plasma is driven out of the neutral sheet across the re-
connected field lines. Think: which way to the current and
E field point in the neutral sheet?

The reason reconnection is important for particle ac-
celeration, is that the neutral sheet (where the magnetic
field goes through zero) contains an ordered electric
field, of strength

E = −
c

4πσ
∇× B −

1

c
v × B (8.5)

(This is just Ohm’s law, combined with Maxwell’s
equations; check the section earlier on flux freezing).
Here, σ is the electrical conductivity (not a cross sec-
tion). In the cartoons above, the E field will be in the

plane of the neutral sheet and perpendicular to the pa-
per. The maximum particle energy that can be reached,
then, is set by the potential drop across the neutral
sheet, ∆V =

∫

E · dl.

8.5.2 Unipolar dynamos

This is a jargon-word for massive, rotating, compact
objects – pulsars and accretion disks – which can sup-
port strong fields. (Refer back to Fig 9.3 of your P425
notes.) If a magnetic field is tied to the rotating matter
or plasma (say by a high conductivity, so that the field
is approximately flux-frozen), the rotation will cause a
field E = 1

cvrot × B to be seen by a local observer.
The numbers that are in principle reached by rotat-
ing compact objects are impressive. For pulsars, flux-
freezing considerations estimate B # 1012G if the
field was originally the stellar field. For a dipole field,
this would give B(r) # 1012(Rns/r)3G if Rns is the
neutron star radius. The consequent E field and poten-
tial drop are then

E #
2 × 1014

P

(

Rns

r

)

V/m; (8.6)

if P is the pulsar’s period;

∆V =

∫

E · dl # 2 × 1013 (Rns/1km)

(P/0.03sec)
V (8.7)

(This is scaled to the Crab pulsar; millisecond pulsars
would reach ∼ 1015V). For an accretion disk around
a black hole, conventional estimates replace Rns by
rg = GMbh/c2, and note that the inner parts of an ac-
cretion disk rotate at nearly lightspeed. If the magnetic
field in the disk ∼ 103G or so, the potential drop can
reach1019V.
On the other hand, it is not obvious that these high
fields can be maintained – in fact it’s very unlikely.
The picture we have presented of a rotating, magne-
tized object is a vacuum argument. But the atmo-
spheres of such objects are likely to have some amount
of free change, which may well short out a large part
of these maximum predicted potential drops. For one
example, think about a relativistic particle being ac-
celerated along the magnetic field line in a pulsar by
these strong E fields. As it gets accelerated, it radiates
– and the γ-ray photons it radiates can pair produce
in the pulsar’s strong magnetic field. The newly cre-
ated electron-positron pairs shield most of the rotation-
induced E field ... leading to a net particle energy only
∼ 10−6 or so of the maximum predicted by (8.6).
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These two families of models, reconnection and unipo-
lar dynamos, represent most of the models of particle
acceleration by large-scale electric fields. What are
the important characteristics of these models, as far
as their relevance to particle acceleration? First, all
charges which see E are accelerated. Second, the max-
imum energy that can be reached is given by the po-
tential drop; but real-world effects, mostly related to
local plasmas (shorting out part of the potential drop,
or providing turbulence which can stop the speeding
particles before they reach E ∼ e∆V ). Third, due
to the effects just listed, much of the available energy
goes to heating the plasma rather than accelerating a
small fraction of the charged particles to high energies.
The final values of the output particle energies depend
on these details, of course. Observations of solar and
magnetospheric reconnection suggest that some frac-
tion of the charged particles are, indeed, accelerated to
well above thermal energies; but not to relativistic en-
ergies. (The output energy may well be larger in pul-
sars and galactic-nucleus accretion disks; but we can
only work from inference there). Thus, these mecha-
nisms are often thought of as a “first stage” in the ac-
celeration process; stochastic methods may take these
“seed” particles and boost them to much higher ener-
gies.

8.6 Particle acceleration, second stage
mechanisms

The other class of acceleration mechanisms invokes
stochastic electric fields, such as are found in plasma
turbulence. If the particles couple efficiently to the tur-
bulent E fields, they can gain energy from the turbu-
lence. There are again a couple of versions of this: true
turbulence (disordered plasma motions, for instance
somewhere in the dynamic ISM), or shock acceleration
(using shock physics to drive the turbulence).
The fundamental idea of stochastic particle acceration
was invented by Fermi in 1949; his physical picture
was rather naive, but described the basic stochastic
mechanism quite clearly. More recent work has im-
proved the physical description of the scattering mech-
anism, while retaining the basic idea.
We have already seen the most likely scattering mech-
anism: resonant interaction with Alfven waves. In this
situation there is a minimum particle energy which can
interact with the waves, as we saw last term. There-
fore, these models can be thought of as second stage

mechanisms, in that they take “seed” particles created
by first-stage mechanisms and accelerate them to very
high energies. The maximum energy which can be
reached here is also finite, and again tied to the size
of the system (which determines the maximum Alfven
wavelength which can exist, and also determines the
rate at which particles can leak out of the accelera-
tion region). But these upper limits can be higher,
in some astrophysical settings, than those provided by
first-stage mechanisms.

8.6.1 Fermi acceleration

This is the original picture. Think back to last term,
when we talked about “magnetic mirrors”. That is;
for a particle moving in a region of spatially changing
magnetic field, the magnetic moment, µ = p2

⊥/2γmB
is conserved, as long as the time during which the par-
ticle sees the field to change is long compared to the
particle’s gyroperiod. But since p2 = p2

⊥ + p2
‖ is fixed

in the absence of external forces, p2
⊥ ≤ p2. Thus, there

is a maximum value ofB which is allowed; the particle
is kept out of high-field regions. This effect is called
magnetic mirroring.
Now, to apply this to cosmic rays, envision a field of
randomly moving mirrors (we can think of them as in-
terstellar clouds, or as clumps of high magnetic field)
on which the relativistic particles or cosmic rays scat-
ter elastically. We want the effect of many collisions
with these mirrors, on a particle distribution. Let the
mirrors have random velocity vm, and average spac-
ing L. If a particle is moving faster than the mirrors,
it can undergo either overtaking or head-on collisions.
In a single collision, the particle (mass m, velocity v)
suffers velocity and kinetic energy changes,

head − on :

∆v # 2vm; ∆E # 2mvm(v + vm)

overtaking :

∆v # −2vm; ∆E # 2mvm(v − vm)

(8.8)

But, the rate at which the particle suffers headon colli-
sions is# (v + vm)/L; its rate of overtaking collisions
is # (v − vm)/L. Thus, the net rate of change of the
particle’s energy is

dE

dt
#

(v + vm)

L
2mvm(v + vm)

−
(v − vm)

L
2mvm(v − vm)

(8.9)
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and this collects to the final form,

dE

dt
# 16

E

tcoll

(vm

v

)2
(8.10)

where we have written tcoll = L/v. While I wouldn’t
take the factor 16 too seriously, the fundamental form
is: dE/dt ∝ E/tcoll, which is the standard result for
Fermi acceleration.
A couple of features are worth noting. One, this is a
test particle approach; the energy loss of the mirrors is
not taken into account. Two, the fractional energy gain
per collision is small, since vm * v # c; thus, the
acceleration time tacc ∼ E/(dE/dt) ∼ (v/vm)2tcoll.
What particle spectrum is predicted by this simple
model? One way to find this is as follows. From the
kinematics above, we found that the average energy
gain per collision is ∆E ∼ E(vm/c)2 if the parti-
cles are relativistic. Thus, after p collisions, a parti-
cle which started at Eo will have energy Ep after p
bounces:

Ep # Eo

(

1 +
v2
m

c2

)p

(8.11)

which can be written,

ln
Ep

Eo
= p ln

(

1 +
v2
m

c2

)

# p
v2
m

c2
. (8.12)

Now, let the particles have some chance, η, of escaping
from the acceleration region (something must end the
acceleration process, after all!). If the escape time ∼
τ , then η ∼ tcoll/τ . But, the number of particles at
Ep, Epf(Ep), is just the starting number, No, times
the probability of the particle staying in the system for
p bounces:

Epf(Ep) = NoP (p) = No(1 − η)p (8.13)

which we can write as

ln[Epf(Ep)] = constant + p ln(1 − η)

# const − pη
(8.14)

Combining this with (8.12), eliminating p and drop-
ping the p subscript, we find the predicted spectrum:

f(E) ∝ E−(1+ηc2/v2
m) (8.15)

Thus, this model – Fermi acceleration plus a constant
probability of escape from the system – results in a
power law spectrum, as is observed in cosmic rays and

elsewhere.. However, as this model stands, the expo-
nent of the power paw, s = 1 + ηc2/v2

m, is a sensitive
function of the mirror parameters and the escape time.
This is not very appealing, since the observed values of
s fall in the range 2 <∼s <∼3 almost everywhere (cosmic
rays, supernova remnants, radio galaxies, etc.).

8.6.2 Plasma turbulence: Alfven waves

Modern work has replaced Fermi’s picture of moving
magnetic mirrors with small-scale structures which can
scatter particles: most likely these are Alfven waves.
I’m sure you remember these waves, from last term.
They are transverse waves, which are not compressive,
and which propagate (in the simplest case) along the
magnetic field. Thus, they can be thought of as prop-
agating wiggles in the field lines. Their dispersion re-
lation is ω = kvA, with vA = B/

√
4πρ. Charged

particles interact resonantly with Alfven waves. A par-
ticle moving alongB at some velocity v sees a Doppler
shifted frequency ω′ = ω(1 − v/vA) = ω − kv. Now,
the particle will interact with the fluctuating E field
of the wave; if the particle “stays in phase” with this
fluctuating wave, it will undergo a strong interaction.
But this happens if the Doppler shifted wave frequency
is close to the particle’s natural frequency, its gyrofre-
quency. That is, the interaction is strong when

ω − kv = ±Ω(γ) (8.16)

For relativistic particles, with v ! vA, this condition
is equivalent to an equality between the particles gyro-
radius and the wave’s wavelength:

rL(γ) = γ
mc2

eB
# λres(γ) (8.17)

Numerically, note that particles with γ ∼ 103 in a field
B ∼ 1 µG have a gyroradius – and thus a resonant
Alfven wavelength – on the order of an AU.
If the Alfven waves are turbulent (say, just arising from
a turbulent background plasma, such as the ISM), the
picture above carries over directly; vm becomes vA,
and the concept of a scattering length L must be re-
placed with the wave energy density and some mea-
sure of the scattering cross section, similar to that used
above. This process is slow in many applications; it
has dE/dt ∝ v2

A/c2 (and thus is classically a “second
order Fermi process”). In addition, because it relies on
the wave-particle resonance, a particle at energy γ only
sees waves at λres(γ) – which can be a small fraction
of the total energy in the turbulence.
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8.6.3 Turbulent shock acceleration

A faster version of turbulent acceleration ties the tur-
bulence to shock fronts. A shock must have v2 < v1

(the post-shock velocity must be less that the pre-shock
velocity; right?). Thus, in the frame of the shock, the
flows on each side are converging. If the pre-shock
and post-shock plasma also carry Alfven turbulence, a
particle trapped in the shock region and bouncing back
and forth will undergo Fermi acceleration, but will suf-
fer only head-on collisions. With this picture, we can
specify the parameters in the above Fermi analysis. We
need two facts:
• The escape probability is the ratio of downstream to
upstream fluxes: η # 4nrelv2/nrelv = 4v2/c.
• The energy gain of a particle per scattering turns out
to be

E′ = E
[1 + ve1(v1 − v2) cos θe1/c2]

[1 + ve2(v1 − v2) cos θe2/c2]
(8.18)

if ve1, ve2, θe1 and θe2 are the velocities and angles of
the particle (electron, say), before and after it is scat-
tered. After p bounces, we have

ln
Ep

Eo
#

4

3
p
(v1 − v2)

c
(8.19)

With these, we can collect the algebra as above and
find the spectrum predicted by this model:

f(E) ∝ E−s; s =
v1 + 2v2

v1 − v2
(8.20)

Now, for a strong shock, v1 = 4v2, which predicts
s = 2; higher s values will be produced if the velocity
jump in the shock is < 4.

8.6.4 Energy limits for Alfven acceleration

What are the limits on particle energies that can be
scattered and accelerated by Alfven waves? The
particle-wave resonant condition (8.17) makes this
easy to answer. For the lower limit, we noted last
term that Alfven waves can only exist for frequencies
ω < Ωp = eB/mpc, the proton gyrofrequency. This
translates to a lower limit on the particles energies that
can “see” the waves (given in chapter 8 of P425 notes).
The highest particle energy which can possibly be ac-
celerated by Alfven waves is determined by the max-
imum wavelength that can exist in the system (which
can’t be any larger, clearly, than the physical size of

the system). In practice, however, particle acceleration
is limited by losses occuring at the same time as the
acceleration. If the losses are due to synchrotron radi-
ation, higher energy particles lose their energy more
rapidly (equation 8.4); this leads to a second upper
limit on the energy range of accelerated particles.

Key points

• Cosmic rays: in the galactic setting
• Relativistic electrons: indirectly “seen”
• First stage particle acceleration: where, what ener-
gies?
• Fermi acceleration, “classical”
• Alfven wave acceleration, shock and/or turbulent


